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ABSTRACT 

We consider  a general  c red ib ih ty  model  for the predic t ion  o f  IBNR-c la lms  which 
al lows for r andom fluctuat ions m the under ly ing de lay  d l s m b u u o n .  Such fluctu- 
a t ions  always bring about  decreas ing credibi l i ty  It is shown that  even negative 
credibi l i ty  is achteved for more  substant ia l  f luctuat ions m the delay d is t r ibu t ion .  
Special  a t ten t ion  ~s paid to the mixed Polsson case for claim numbers  including 
the discussion o f  pa rame te r  e snma t lon .  
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1 INTRODUCTION 

The IBNR-prob lem is a classical p rob lem extensively dealt  with 111 ac tuar ia l  
l i tera ture  The models  developed in this field are  based on different  sets o f  
a s sumpt ions  with regard to the (stochastm) na ture  of  the loss reserving process.  
It is general ly  assumed m all these models  that  the deve lopment  ts to some extent 
s table.  In a number  o f  papers  (BUHLMANN, SCHNIEPER and STRAUB, 1980; DE 
VYLDER, 1982; NORBERG, 1986 and WITTING, 1987a) it has been exphc~tly laid 
down m the model  a s sumpt ions  that  there is a fixed delay d i s t r ibu t ion  c o m m o n  
to all occurrence  years.  

Tak ing  the deve lopment  o f  a fixed occurrence  year  into cons tdera t lon  the situ- 
a t ion  dealt  with m these models  can be i l lustrated as shown m Figure 1. The 
b roken  curves indicate  a posit ive cor re la t ion  between early and later deve lopment  
years.  It should be poin ted  out  that  thts behav lour  is caused by s tochast ic  effects 
relat ing solely to the occurrence  year.  Should  ~t be of  relevance to include ad-  
d m o n a l  s tochasuc  effects like var ia t ions  in the clamas handl ing or  recording  pro-  
cess, then models  that  al low only for posmve  co r r e l auon  may prove  inadequa te .  
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ASTIIN BUI [_EI IN Vol 18 No I 



8 0  H E S S E L A G E R  A N D  W I T T I N G  

reported number 
(or totat) of c la ims 

/ 
J pected pattern 

ii/// 
l l l L I 

1 2 3 ~ 5 development year 

FIGLRI [ The expected pattern of development and two typical reahzallOnS of the development 
process (broken curves) 

In such a case we might be faced with situations as illustrated in Figure 2. in 
this case a smaller number of claims observed m earher development years would 
indicate a larger number of claims m later development years (as compared to the 
expected pattern), and vice versa. 

The aim of the present paper is to construct a credlbihty model which also 
brings m the case of negatwe correlation. Whdst the model of  WITTING (1987a) 
only allows for negative credlbdity (negatwe correlation) in some rare cases, the 
present authors feel that the natural way to introduce negative credlblhty is by 
means of random fluctuations in the delay distribution. 

The idea of allowing for random fluctuations in the underlying delay distri- 
bution was mentioned by NORBERG (1986). However, m his qmte general 
framework model this would not affect the moment structure. Also the Kalman 
filter approach, as advocated by DE JONG and ZEHNWIRTH (1983), can be said 
to take such fluctuations into account. De Jong and Zehnwirth state that "each 
year of origin g)ves rise to such a (delay) distribution and m any one (calendar) 
year we sample one component from each of an array of such distributions". In 
order to embed the loss reserving problem into the state-space framework they 
(need to) pick up a mult~plicative decomposition, similar to the separation techni- 
que of DE VYLDER (1982). As a consequence, the genuine part of the delay 
distrxbutlon--describing the dynamics of development years--is kept deter- 
mmistic and vamshes into the known design matrix. The present authors prefer 
to model the specific sources of varmtion rather than laying down a macro-model 
which, hopefully, ts su~ciently flexible to reflect the main features of the process 

Our main purpose is to investigate how random fluctuatxons in delay pro- 
babilities affect the cred~b~hty estimator.  Consequently, we shall not spend too 
great an effort on modelhng the rest of  the process but szmply take a framework 
model which, m the case of fixed delay probabihtles,  contains a number of impor- 
tant IBNR-models developed m the actuarial hterature as specml cases. 
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2. THE GENERAL MODEL 

As usual iN loss reserving we consider n occurrence years (calendar yeals) 
numbered  consecutively by j = 1 . . . . .  n and,  for each occurrence year, n develop- 

ment years t =  1 . . . . .  n. That  is, we assume all claims fully developed within n 
years. 

For each occui lence  year j we introduce a r andom vector ~rj= (~r O, . , "~O) 
where 'rr a can be interpreted as either 

(i) the probabi l i ty  that an individual  claim incurred in occurrence year j is 

reported m the development  year ;, when only numbers  of claims are dealt 
w i t h ,  

o r  

(n) the propor t ion  of the final claim amoun t  which is expected to be developed 
m development  year ;, when totals of  claims are dealt with. 

Note that by assumpt ion  ~ ',7'0 = 1 for each j .  
I = l  

The claims statistics corresponding to occurrence year j are X j  = ( I X  a . . . . .  " X j )  

where ' X  a can denote either 

(i) the number  of claims incurred in occurrence year j and reported in develop- 
ment  year ;, 

o r  

(li) the part of  the total claim a m o u n t  incurred in occurrence year j and settled 
in development  year t. 
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It ~s also convenient  to in t roduce  the accumula ted  quant i t ies  

Xu = ~ "' X~ and X/=  X,,j 
nl  = I 

The fol lowing assumpt ions  define our basic f r amework  model :  

( A I )  Quant i t ies  relat ing to different  occurrence  years are independent .  

(A2) 7r~ . . . . .  7r,, are l a .d .  with first and second order  moments  

p, = Er r /  

and 

c,~ = Cov('Tr,, *Tr/), 1 ~< t,/," ~< n 

(A3) For  gwen de lay  & s m b u u o n  ~-a the claims s tausucs  Xj has a moment  struc- 
ture gwen by 

E [ I X ] I ~Ij ] = I "l'[-j l n j , 

C O v ( I X j ~ ,  * X j  ] 7r j )  = ~)l~. I f j ( T r j )  ~1_ I,~r * 7,~jClj, 

where ilia ~ 0 and dj are known or  unknown constants  independent  of  the 

deve lopment  year,  % ( . )  is a given function and 6,a the Kronecker  symbol .  

The choice of  #b, eta and ~ ( . )  depends  on fur ther  speclf icauon o f  the model  
a s sumpt ions  Two natura l  choices are indicated below. 

The  (condi t ional )  moment  s t ructure  d isplayed m (A3) comprises  a number  of  
impor t an t  cases a l ready treated in the l i terature  when the under ly ing delay 

d is t r ibu t ion  is assumed to be fixed. Two such cases are: 

0) Let Xj denote  the claim numbers .  WITTING (1987a) assumes that the times 
o f  delay for single claims are  l.l.d r andom var,ables,  independent  o f  the 
total  number  of  claims X~. He derives the moment  s t ructure  m (A3) with 
m, = EX/,  d~ : Var X/- -  EX~ and 'J/(Tr~) : 'Tr,m~. 

(u) When X; denotes  the totals o f  claims,  we can assume the mul t lphcauve  
form Xj = b(Oj)Y:, where b(Oa) Is a r andom "cla ims cost index"  independent  
of  Y j = ( ~ Y j  . . . . .  "Y,)  (and 7ra) Fu r the rmore ,  we can assume that 

E ( 'Y j [  ~a) = v/~-,; 

C o y ( '  r , ,  * YJI ~r~) = ~5,A v :? ,  

with V 2 being a (known)  measure  o f  volume.  Again  we a r rwe  at (A3), w~th 

mj = VjEb(Oj), 

d2 = V~ Var b(O~) 

and 

'fa(rr,) = V:,  z E(b(O:)2). 
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This (condi t ional )  moment  s t ructure  ~s a special case of  that assumed in 
HACHEMEISTER'S (1975) regression model.  In an IBNR-context  it ~s analysed 
by DE VYLDER (1982) m the special case where r; z (and hence ' fa( . ) )  is 
independent  of  t NORBERG (1986) comment s  upon this add i t iona l  assump-  
l ion:  " A l t h o u g h  ma themat i ca l ly  convenient ,  ~t is hmdly  a p p r o p r i a t e  as an 
a p / z o r / d e s c r i p t i o n  of  the IBNR process.  A reasonable  way o f  relaxing this 
a s sumpt ion  could be to replace r 2 by r, 2 In order  to hm~t the numbm of  
pat ameteK s, the t,2's could be taken as some sm~ple pa ramet r i c  funct ions 
o f t ,  e g  , . ,2=c~+/3/ ."  

Note that (,x ) 
( I )  d , = C o v  ~-~-~-, .~ ~rj , ; ~ k  

\ ~1 "/1/ 

m some sense measures the cottelat~on ottgl l tat~ng f rom the stochastic effects o f  
the occurrence year 

We wl t te  'z, for  the expected value E [ ' f ; 0 r ~ ) ] ,  and the uncond i t i ona l  moment  
st ructure is readi ly obta ined f rom (A2)  and (A3)  

(2) E' X j  = p, nT; 

Cov( 'Xj ,  ~Xj) = ~,~'rj + c,~ (dj + m ] )  + p ,pAd, .  

Besides the necessity o f  reducing the number  o f  unknown paramete r s  we are 
interested in gett ing an explicit  fo rmula  for the c ledibl l l ty  es t imator  of  the 
ou t s t and ing  clmms. This is (of course)  not poss%le m the general  sett ing o f  (2). 
There fo re  we add further  specif icat ion of  the assumpt ion  (A2): 

( A 2 ' )  7r~,.. . ,a ' , ,  are independent  and ident ical ly  Dlrlchict dlSt t lbuted with 

pararneters  C~l, , ee,,. 

Then the delay d is t r ibu t ion  has the moment  s t ructure  (DE GROOT, 1970, p. 49): 

(3) p, = E'rrj = ce,/oe, 

1 
c,~ = Cov('rra, art;) = ~ (6,ap, - P, Pa ), 

where cce = oe~ + .. + ce,, meas tnes  the coHe/at~on wHh~n the delay process.  
By insert ing (3) into the second equat ion  o f  (2) we obta in  the fol lowing 

uncondi t iona l  covar lance  s t ructure:  

C o v ( ' X , ,  ~X,) = 6,~ (p,,~, + ' r ;)  + p , p ~ % ,  (4) 

where 

(5) 

and 

(6 )  

d, 2 +  ~ / - -  / 7 7 _ _ v  , 

% _ .7_____.~_ _ ~ _ ,¢,. 
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An in te rpre ta t ion  o f ' t ' ,  - -  ana logous  to the in te rpre ta t ion  o f  dz in (1) - -  follows 
from (4): 

(7) % = C o , ' ( ' ~ / ,  ~XJ/p, / 

_ c~ d~ 1 
1 4" O? '4- I +"~  ( - I I ? ) ) ;  I ~ k 

Whils t  d~ measures  (m a sense) the co r re l auon  for fixed delay d is t r ibut ion ,  ,I,j ad-  
d m o n a l l y  conta ins  the effect of  a r andom delay d is t r ibu t ion  If follows from (7) 
that the co r re l auon  is decreased by the m t r o d u c u o n  or  such f luctuations.  

3. T H E  C R E D I B I L I T Y  F O R M U L A  

Our  mm is to calcula te  the credibi l i ty  esumatox o f  the total  ou t s t a ndmg  claims 
I B N R ( j )  = X j -  X,; s, where h = n - j  + 1  denotes  the latest observed develop-  
merit year  co r re spond ing  to occurrence  year  j .  As usual the observed da ta  are 

assumed to be organized  in a run-off  t r iangle 

V X =  [ ' X i ;  j =  1 . . . . .  n; t =  1, , i l l  

In regard of  (A I) and compar ing  the covarmnce  s t ructure  (4) with the one treated 
In JtzWkl I (1976) or WITTING (1987b), we hnd that 

t~ 
Y~ P' 'X,  (8) 

is a hnear ly  sufficient s tansnc  for calculat ing the credibi l i ty  e suma to r .  When deal-  
mg only with claim numbers  (%j = p , m j )  )(,;j reduces (up to a constant  factor)  to 
the cumula t ive  number  o f  claims X,~,. 

Some simple ca lcu lauons  lead to the fol lowing credibi l i ty  formula .  

(9) [ B N R ( j )  = (1 - F (h ) )  Z ( j )  J(,ij + (1 - Z( j ) )m~ 
G ( j )  

with credibi l i ty  factor  

(10) Z(j)- G(j)% 
G ( J ) ' t 5  + 1 ' 

(11) 

and 

G ( j )  = " P'- 
~- ] pA)i + rT~ 

t~ 

F(~)= Z P,. 
I = I  

Now, two h m m n g  cases are o f  interest .  First a ---, oo (where % ~ 0 and '.1'/-" dj) 
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co r r e spond ing  to the snua tmn  with fixed delay d l s m b u t l o n ,  c ompa re  (3). Sec- 
ondly ,  c~ --* 0 (where {a - - "  dj + n l  f and ~I,j --* - m~ 2) which represents  the case with 
mlmmal  pr ,or  i n fo rma t ion  about  ~rj. 

In our  example  0) (clann numbers ;  'rj  = p,mj) it holds for oe --, m that 

o _ _  F ( f i ) d j  X,}~ ~ X,)j G( j )  ~ F(h) and Z ( j ) - ,  
m ;  ' m ;  m ,  + F ( ~ ) d ~  

It ~s encourag ing  to notice that fo rmulas  m this I lmmng case co r respond  to those 
derived Ill WITTING (1987a). k~kew~se, as oe + 0 we find 

X,;j G( j )  --+ F(fi) 
£~' ~ d, + ,7,, + , , ,~'  d, + m; + ,,,~ 

and 

Z( j )  ~ - Fg~)m] 
(1 - F(f i ) )mj  2 + clj + 117," 

It fo l lows that a m i n i m u m  o f  pr ior  i n f o rma t i on  about 7r; always leads to negative 
credlbfl~ty This  result reflects precisely the in tumve  s u p p o s m o n  that  a high 

number  o f  repor ted  claims X,;; could indicate  that  a m a j o r  part  o f  X; has 
a l ready  been repor ted  and,  consequent ly ,  the ou t s t and ing  number  o f  c lmms 
I B N R ( j )  should be expected to be smal ler  

In fact, ~t can easily be seen that  the cred~bll,ty weight Z ( j )  ~n (10) is an increas- 
ing functmn of  c~. Hence,  when uncexlamty abou t  the de lay  d is t r ibu t ion  Js 
in t roduced ,  the c red lbd l ty  is reduced to Z ( j ) ,  where 

- F(,~),,,~ F(,~)a, ) 

The example  (n), totals  of  claims,  can be dealt  with ana logous ly .  P a m c u l a r l y ,  
the formulas  de rwed  by DE VYLI)ER (1982) ( ' r  s = -rs) appear  m the hmi tmg case 
Of ..--+ ~ , .  

Negative credibd~ty is a consequence  o f  neganve  c o n e l a t m n  between observed 
and ou t s t and ing  'X.,'s. In the general  case (not necessari ly Dmchle t  d is t r ibuted  
delay p robabd l t l e s )  it holds for ; ~< fi that  ( c o m p a l e  (2)) 

Cov( 'Xj ,  I B N R ( j ) )  = ~ Cov( 'X; ,  *Xj) 

Since (dj + m r )  > 0 ~t follows that r andom fluctuat ions m 7D causes a negatwe 
con t r i bu tmn  to the credibd~ty if 

/~ = l i +  I 

When ~rj ts Dw~chlet d lstr tbuted it holds that c,£ < 0 for  al l  t ~ k (compare (3)), 
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whereas m the general  case it can only be concluded  that 

) )) C~h = C o y  ~ j  , /'Trj 
t = l  /~ - , q  + I \ \ t = l  A - n + l  

1 Var 'Trj + Var a~'j < O. 
2 , a ,}+ i 

In par t icu lar ,  when predic t ing  IBNR(j)  on the basis o f  X&, r andom fluctuations 
ahvays gwes a negatwe c o n t n b u n o n  to the credibi l i ty .  

4.  I-HI- \ I l X F D  P O I S S O N  ( , \ S F  P A R A \ I L T E R  E S T I M A T I O N  

In this section we only consider the case of  claim numbers. The distribution of  
X / i s  assumed to depend upon an unobservable structure variable 0j representing 
the hidden risk charactenstms of occurrence year j .  We assume that, given 0/, Xj 
is Polsson distributed with parameter Vj0j, where 1,5 ms a known measure of 
volume (e g. the number of pohmes in occurrence year j ) .  

Furthermore, as it is standard, 0t, . ,0,,are taken to be ~.l.d. with moments 
t~=E01 and w = V a r  0j. Then it holds that m / =  V j # , d j =  V~w,@j= VjZ~ and 
% = V;~ ,  wnh 

W + /x 2 2 W --  /_t 
(12) ~ -  - -  and ~ - - -  

I + ~  l + e z  

The insert ion o f  these pa ramete r s  into (10) and ( l l )  leads to the fol lowing 
expression for the credibi l i ty  wmght: 

(13) z (a )  = k ( ~ )  Vlq' 

In the s i tuat ion without  r andom fluctuat ions in the delay d is t r ibut ion  the 
credibi l i ty  wmght is 

F(fi  ) V, w 
z ( j )  - - -  

~ + F ( ~ ) V j w  

(WITTING, 1987a, fo rmula  (9)). 
Con-|parlng,  the credibi l i ty  in (13) is decreased by the replacements  w--, q/ and 
i t -+l t+ Vj~ In ['act, this results in negative c led lb lh ty  if c~ < l/.-y 2, whine 
y = ,w/~ is the coefficient of  v a n a n o n  o f  the under ly ing structure d is t r ibu t ion .  

A set of  es t imators  for the unknown pa ramete r s  p , , # , @  and ~ can be based 
on the equat ions  

(14 a) E ' X ,  = V,l~p, , 

(14 b) E( 'Xj~X/ )=&~p, (V~ ' I~+ V j ~ ) + p , p ~ V f ( * + g 2 ) ,  

1 ~ t ~ k < ~ n - j +  1 

Based on (14.a) the fol lowing e sumato r s  suggest themseh,  es (least squares 
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es t imators  using natura l  weights):  

(J 5) v,~ = v, 
',, / = 1  

(15) 

(16) 

[ I t - - I +  [ 

~ ' . X j ,  t =  1 , .  

P,#,  

p,tt/l*; t = 1, . , n 

, 17 ,  

these e snma to r s  can be writ ten in the fOlln 

(17) 41 - A i B 3 -  A z B i  2 
B2B3 - B 2 ~ ' 

(18) 4, - A z B 2  - A I B i  
BzB3 - B 2 ' 

where 

(19) A,  = ~,, w , ( t , k ) p , p / ,  'AT_,, 
/.1~. 

(20) A2 = Z w~0, ;)p, "T;, 
J . t  

(21) B~ = ~ w j ( t , t ) p ;  ~, 
J . t  

(22) B2 = ~ w , ( t , k ) p 2 p  2, 
] . t ,~ 

(23) B3 = ~] w/(t, I )p  fi, 
I . t  

(the sums ranging over all j =  I . . . . .  n and 1 <<. ~ <~ k <<. n - j +  I), and 

(24) '~ T a = ( ' X j  ~X j  - 6,~p, V j i , ) / V  2.  

The co r respond ing  least squares es t imator  for oe ~s ob ta ined  by use o f  (12) 
((A 6) m the Append ix )  

b e -  A i B 3 -  A 2 B i  
A z B 2 -  A i B l "  

It is also shown m the Append ix  that  a set of  " n a t u r a l "  wmghts are 

(25) w,( t ,  t)  = V~ [4 VaZp,3~ z + 6 V,p,Z~, + p,]  - ', 

(26) w , ( t , k ) =  V 2 [ p , p l ,  + Vjp,  p ~ ( p ,  + p / , )~ t ] -~ ;  t ~ k .  

Weighted  least squares e suma to r s  for xl, and ,:I), based on (14.b), can be 
ob ta ined  by mimm,zmg  the quadra t i c  form 

Q(d/,,,I,) = ~ ~ w, ( , , k ) [  ' X , ~ X , - f , ~ p , ( V , ~ , +  V~cI>)-  p ,p ,~V2( , I  , +,u2)} 2 
1= I t./, 

the sums ranging over  all j = 1, . . . , n  and I ~< t ~< k ~< n - j  + 1. 
[t is s t r a igh t fo rward  to ver,fy (foxmulas (A.4) ,  (A 5) m the Append ix )  that 
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Fmally, genuine esnmators  are gained by inserting the estimators ~ and ~, ((15) 
and (16)) into (19)-(26).  

As the calculanons o f  these esumators  are very time consuming the authors 
would also suggest a (half-) Bayesian approach '  Assume that the value of  c~ can 
be preassigned. We get from (14) the 2nd factorial moment  o f  X,~j 

EX~) ) = ,1, V)F(t i ) ( l  + F(fifi)c~), 

which immediately leads to the estimator 

k X(2) --& 
~ j=l  

f(~)v~(l + ~(~)~) 
I=l  

In fixing ~ subjectlvcly it l-night be hclpful to interpret l/(l + c~) as the ratio of  
Var'Trj and the valiancc o[ a 0 - I - v a r l a b l e w l t h  mean p, (compare (3)) A c o l I e -  
spondlng interpretation IS shown by FITRGUSON (1973) (see also ZEHNWIRTH, 
1977) to be valid to~ the cont inuous case, that is, for the so called Dulchlet 

process introduced by FERGUqON (1973). 

5 CONCLUSION 

It is the au thors '  Intention to present a general credibility model for the prediction 
o f  outs tanding claims The model comprises a fairly broad category of  situations, 
namely the cases o f  clann numbers  and total of  clanns, making allowance for a 
r andom delay distribution. As in any other f ramework model the old conflict 
between reahsrn and sm~plicity arises (see NORBERG (1986) for an extensive 
discussion). Even though it may be difficult to obtain reasonable parameter  
estimates m the f ramework model we believe that the result derived within 
this model will shed some light on the possible effects of  different sources of  
fluctuations in IBNR-problcms.  
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APPFNDIX 

Monvated  by (14.b) we esumate d, and ,.11 by mlnmalzlng tile quadratic form 

Q(cl,, 'q / )=  ~ ~ w,(,, k ) l  ' X , ~ X ,  - 6 , ,p , (V ,#  + V ~ 2 + )  - p,p~V~2(* +/_,2)12 
I = I t , / x  

the sum rang ing  over  al l  j = I . . . .  n and ] ~< t ~< k ~< n -  j + I. By I n t roduc ing  
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and by redefining the weights,  we may write 

(A 1) Q ( ~ , ~ ) =  ~] w j ( t , k ) l ' X T j - 6 , x p , , I , - p , p ~ ( q , + # 2 ) 1 2  
J , t , h  

It is s t rmgh t fo rward  to check that  (A.1) is minimized  by ,~,,~, sat isfying 

(A 2) ~ = A2 - (~ + p.Z)Bl 
B3 

A i - '~'Bi - #2B2 ~= 
82 

( A . 3 )  

where 

A i  = ~ w/( t ,k)p,  pA '~T/, 
I t , ~  

A2 = ~ ~,)(I, t)p,"T/,  
J , t  

Bi = ~ wj(t, I)p, 3, 
J, I 

B2 = ~ wj(t, k)p ,2p~,  
I,l,l~ 

B3 = ~ W j ( l ,  I)p,  2, 
J , I  

and that  equauons  (A.2),  (A.3) are solved for 

(A 4) ~'I~ - A 2 B 2 -  A i B I  
B2B3 - B~ 

( A  5) 

Since 

_ A t B 3 -  A2Bi 2 

BzB3 -- B 2 P" " 

_ W + /x 2 

1+O~ 

and • + # = w (compare  (12)), we find that 

+/_t 2 

and the co r re spond ing  least squares  es t imator  for ff Is 

(A 6) & = A iB3 - A z B i  
A g B 2 -  A i B i  
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T h e  o p t u n a l  ~ e l g h t s  m ( A . I )  c a n n o t  be d e r w e d  for  the  genera l  case W h e n  

b o t h  '/rj and  0j a re  d e g e n e r a t e  it h o l d s  tha t  'Xj; t =  1, .. , f i  are  i n d e p e n d e n t  and  

P o l s s o n  d i s t r i b u t e d  wi th  p a r a m e t e r s  p, VjS. I f  Z -  P o t s s o n ( k ) ,  t hen  E Z  ( " ' ) =  X" ,  

a n d  we find the  2nd  and  4th o r d e r  n o n - c e n t r a l  m o m e n t s  to be 

EZ 2= k2-1 - h 

a n d  
E Z  4= k 4 + 6 X  3 + 7 X  2 +  X, 

respec t ive ly .  F r o m  the  d e f l n m o n  o f  '*Tj we then  get 

V a r " T j  = [4 Vj3p,3~ 3 + 6 V~Zp,Z~ z + V~p,~]/V~, 

Var~ATj = [V)p,p~2+ Vj3p,pk(p,+p~)#3]/V~; t#k.  

A na tu r a l  cho ice  o f  we igh t s  w o u l d  t h e r e f o r e  be 

wj (t, t ) = V) [ 4 V) p3#Z + 6 Vjp,21z + p, ] - ', 
(A.7)  

wj( t ,k )=  V) [p,pt  + Vjp, p~(p,+ px)lz]- t ;  t ~ k. 
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