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ABSTRACT 

For  the case o f  a p o r t f o h o  with identical  claim a m o u n t  d is tNbut ions ,  G e r b e r ' s  
er ror  bound  for the c o m p o u n d  Polsson a p p r o x i m a t i o n  ~s improved  (m the case 

X t> 1). The result can also be a p p h e d  to more  general  por t fo l ios  by par t i t ion ing  
them into homogeneous  subpor t fo l ios .  
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Cons ide r  n d i s t r ibu t ions  o f  the form 

(1) P , = ( I  - p , ) fo+ p,Q,, t= 1 . . . . .  n, 

where 6o is the p robab i l i ty  measure  concen t ra ted  xn 0, p, ~ (0, 1), and where Q, 
Is a d i s t r ibu t ion  on (0, oo). The in te rpre ta t ion  o f  this represen ta t ion  is the fol- 
lowing. For  each p robab i l i t y  measure  P on [0, oo) 0.e.  for the d i s t r i buuon  P o f  

a risk X )  with P{0} < 1 (this means  that  we are deal ing with a " r i sk" )  and an 
a rb i t r a ry  event A,  one can write 

P ( A ) = P ( A A [ 0 ] ) +  P(Af3(O,  oo)) 

= P I 0 1 6 o ( A )  + (l - P {O I  )P(A J(O, co)) 
= (I - p )ao (A  ) + pQ(A ), 

wl th  p = I - P [01 and Q(A) = P ( A  [(0, co)) the condmona l  d i s t r i bu t ion  o f  A ,  
given the event (0, oo) (i.e. gwen a posl twe cla lm).  In the special case where P 
admits the representat ion 

(2) P =  ~ qkD *~ 
k = 0  

(with a d i s t r ibu t ion  D on (0, oo), D *° = 60, and qk >1 0, k = 0, 1,2 . . . .  such that  
qo < 1 and Z,~=o q~ = 1) we have p = 1 - qo and 

Q = ~ q ,  D** 
~=l l - q o  

Now one of  the basic results m mathemat ica l  Nsk theory is the fact that  the 
convolu t ion  

G = P l * . . . * P n  
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of  the distributions (1) can be approximated by a c o m p o u n d  Polsson distribution, 
i.e. by a distribution P o f  the form (2) with 

q k = - ~ -  e -x, k = O ,  1,2 . . . .  , X =  p, 
I = l  

and claim amount  distribution 

D =  p, , p,. 
/ = l  I 

Concerning bounds  for the error o f  this approximat ion  we have (see e g. Gerber 
(1984), theorem la, p. 192) 

d(G, P) ~< ~ p Z, 
t = l  

where 

d(G, P)  = s u p [ G ( A ) -  P (A) [  
A 

is the maximal difference of  the probabilities for events A. 
It zs the purpose o f  this paper to ~mprove (for X /> 1) the above bound for port-  

folios whtch are homogeneous  m as much as the Q, m the representation (1) are 
all identical to Q, say. As result we have the following. 

THEOREM. For the dtstributton 

G =  [ ( l - p l ) a O + p x Q ] . . . - . [ t l - p , ) 8 o + p , Q ]  

and the compound Polsson dtstrtbut~on P with mtenstty X = ~',~= ~ p, and claun 
amount dlstnbutton D = Q, we have 

(3) d(G, P) <<. p2 p,. 
l = [  t 

REMARK 1. Obviously, 

p p, ~< m a x { p , : l =  1 . . . . .  n l .  
1 = 1  I 

REMARK 2. By the following device the result of  the theorem may also be 
applied to portfolios that can be divided into subpor t fohos ,  which are homo-  
geneous m the above sense. It ~s s tandard that 

d(Gi*G2, Pi*P2) <. d(Gi, Pi) + d(G2, P2). 

Hence, if one calculates the bound in (3) for each subportfol io ,  then the sum of  
these bounds yields an error bound for the c o m p o u n d  Potsson approximat ion of  
the given portfolio.  

PROOF OF THE THEOREM (i) For easier derivation of  the result, we observe 
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that  

d(G, P)  = s u p ( G ( A ) -  P(A)). 
A 

(This fol lows from 

I G ( A ) -  P ( A ) I  = m a x { G ( A ) -  P(A), G(A c)-  P(A')], 

where A ~ denotes  the complemen t  o f  A. )  In the fol lowing we set 

B = B i n *  " '"  * B p . ,  

where Bp Is the Bernoulli distribution w~th parameter p. Furthermore, let 

bk=Blkl ( k = O , l  . . . . .  n), 

and 

w~th 

~k k 
qk = P×lk}  = e -x - -  

k~ 
( k ~ 0 ,  |~2~ . . . )  

I=1 

0i) We have 

(4) d(G, P) ~< d(B, Px). 

(Thxs means  that  the p r o o f  o f  our  result may be reduced to the case Q =  &, where 
5~ ~s the d l s t n b u t m n  concen t ra ted  in 1.) 

For  any d l s t r ibu tmn D, we have 

D*[ (1  - p)5o + p Q ]  = (1 - p)D+ p ( D * Q ) .  

Hence,  by reduct ion over  n, 

G= k b~Q *k 
k=0 

and,  with 

A o =  IkE 10, 1 . . . . .  n l  : &  > qk l ,  

we obta in  for an a rb i t r a ry  event A:  

G ( A ) - P ( A ) =  ~ bkQ*k(A) - k qkQ*~(A) 
k=O k=O 

~< k (bk-qk)Q*k(A)~ < ~ (bk--qk) 
k : 0  kEAo  

= B ( A o )  - P ~ , (A o)  ~< d ( B ,  P×). 

This gives (4). 
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(iii) The following part  o f  the p roof  is a simphfied version of  the p roof  of  
theorem I in BARBOUR and HALL (1984, p. 474). For  a set A C 10, I, 2 . . . .  I and 
Uk = {0, I . . . . .  k -  1] let 

1 
g ( 0 ) = 0 ,  g (k )  = ~Z-.-~ [ P × ( A N U k ) -  Px(A)P×(U~)] ( k =  1,2 . . . .  ). 

Then  (k + l)qk+ j = Xqk gives 

kg(k + 1 ) -  kg(k) = ~ [ P×(A 0 [ k l ) -  q~ P×(A)] ,  
qk 

i . e .  

(5) l t ~ ( k ) -  P~,(A) = kg(k + 1 ) -  kg(k) (k = 0, 1,2 . . . .  ), 

where 1A denotes the indicator-function of  A. 
For t =  1 . . . . .  n, we set 

B ( ' )  = B p , *  . . .  *Bp, ,*Bp,+,* . . .  *Bp , , .  

Let, furthermore, X~,. . . ,  X,  be ~.l d. such that X, is distributed according to 
Bp,, i = 1, ..., n. If in the following we first integrate with respect t o  Bp,, then for 
a funct ion h(x,  y),  

E h .,~ = [ ( l - p , ) h ( O , y ) + p , h ( l , y + l ) ] B C ' ~ ( d y ) .  

Using (5) we obtain  with h(x,  y)  = p ,g(y  + 1 ) -  xg(y)  that 

(6) B ( A ) -  P~(A)  = I [ I A ( x ) -  Px(A) ]B(dx )  

= f [ X g ( x +  1 ) - x g ( x ) ] B ( d x )  

= E[p,g  X j + I  - X , g  
/ = l  J =  

= ~ p2 f [ g ( y + 2 ) _ g ( y  + l)]B,,)(dy).  
I = 1  

In part  (iv) o f  the p roo f  we finally show that 

(7) g ( k + l ) - g ( k ) < ~ l / k  ( k = l , 2  . . . .  ). 

Then (6) and (4) give the assert ion o f  the theorem.  

0v) First we observe that (5) imphes 

X [ g ( k +  l ) - g ( k ) ]  = 1 A ( k ) -  P × ( A ) + ( k - X ) g ( k )  ( k =  1 , 2 , . . )  

Hence,  (7) follows f rom 

(8) ( k -  k)g(k) ~< P×(A) (k= 1,2,3 . . . .  ). 
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In o rder  to prove this, we cons ider  the cases k > ),, and k <~ X. In the first case 
we use 

Px(A n U~) - Px(A )Px(Uk)  ~ Px(A ) - Px(A )Px(U~) = Px(A )Px(UJ~) 

k ~ X'" 
Px(U~') = q,,, = qk 

.... k .... 0 ( m  + k ) !  

. . . .  o k - X 

and 

In the case k ~< X we have 

Fu r the rmore ,  

k! 

k - k  
(k - X ) g ( k )  = - ~ -  [ Px(A ) P x ( U ,  ) - P×(A N Uk)] 

k - k  
~< ~ Px(A)Px(U~) .  

( X -  k ) P x ( U , )  ~< kq~ (k = 1,2 . . . .  ). 

For  k = 1 this fol lows f rom ( k -  l ) e  -x ~< Xe -x. Under  the a s sumpt ion  that  the 
asser t ion is true for k >~ 1, we ob ta in  

I X -  (k + 1)] Px(Uk+i) ~< (X--  k)Px(U,+ I) 

= ( X -  k ) [  Px(Uk) + q~] 

~< kq ,  + ( h -  k)qk = Xqk = (k + 1)q~-+t. 

Hence,  (8) Is proved.  
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