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I INTRODUCTION

Compound distributions such as the compound Poisson and the compound
negative binomial are used extensively mn the theory of risk to model the
distribution of the total claims incurred mm a fixed period of time The usual
method of evaluating the distribution function requires the computation of
many convolutions of the conditional distmbution of the amount of a claim
given that a claim has occurred When the expected number of claims is large,
the computation can become unwieldy even with modern large scale clectronic
computers

In tlus paper, a recursive definition of the distribution of total claims is
developed for a family of claim number distributions and arbitrary claim
amount distributions When the claim amount is discrete, the recursive
definition can be used to compute the distribution of total claims without the
use of convolutions. This can reduce the number of required computations by
several orders of magnitude for sufficiently large portfolios

Results for some specific distributions have been previously obtained using
generating functions and Laplace transforms (sce PANJER {1g80) including
discussion). The simple algebraic proof of this paper vields all the previous
results as special cases

2. THE FAMILY OF CLAIM NUMBER DISTRIBUTIONS

Consider the family of claim number cistributions satisfying the recursion

(1) Pn = par(a+ bjn), n=1,273

where p, denotes the probability that exactly 2 claims occur in the fixed time
interval. Mcembers of this family are

a) Poisson distribution®

e
1. = -, mnw=0,1,2, ..
7)1) 7L|

* The author s gratefu] to the referee for pomnimg out an error mn the origimal draft
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2. j’n/ﬁn-k = )\/71«, f)o = ¢~
3 a=o0, b=2
b) Binomial distribution

Lpa=E)pr(1=p)¥", n=o0,1,2, ...,N
pn=0, mn=N+1, N+z ...

2 palpna = (N—u+1)p/(n(t=p)), po=(1-p)"
3oa= =plt=p), b= (N+1)p/(1-p)
¢) Negative bionual cistribution
Lopa = (TN PP m=01,2,
2 pulpnr = (e+u—1)pn,  po=(1-p)"
3 a=p, b=(a—1)p
d) Geometiic distribution (Negative binormial with e=1):
lLpu=(1—p)p", n=o01,2,
2. palpna=p,  po=1-p
3-a=p, b=o

Sunp1 and JeweLlL (1981) show that these are the only members of this
family.

3 THE RECURSIVE FORMULA
Consider the compound distribution with distribution function

(2) "Gl) = X paFrR(a), x> 0

=p0' Y= 0

for arbitrary claim amount distribution (1), ¥ > o. I'or notational conve-
nience, assume that F(x), x > o, is of the continuous form Corresponding
results will be given for the discrete case. Then the density of total claims is

(3) gk) = X pafrnlx), x>0
= Po, X =0
when f(x) is the density associated with F{x)

In the theorem which follows, the following two relations will be used:

@) (/O =y dy = 540 (x),  n=1,2,3, ...
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(11) fyf(J')f*"(x—y) [f40 (x)dy = x[(n+1), n=1,2,3,

Relation (I) 1s the usual recursive deflinition of convolutions The left side of
relation (11) 1s the conditional mean of any element of a sum consisting of
7+ 1 independent and wdentically distributed elements, given that the sum is
exactly x The mean 1s x/(n + 1) as a result of the symmetry in the clements of
the sum. Relation (I1) 1s used 1n Buhlmann and Gerber's discussion to PANJER
(1980) to develop an alternate proof of the result deseribed 1n that paper.

T heorem

For p, and g(x) defined by (1) and (3) respectively, and f(x) any distribution
of the continuous type for x > o, the following recursion holds.

(4) ) = pf(8) + [ (a+byl)f(y) glx—y dy, x> o.
Proof
Substituting (3) into the right side of (4) results in

puf(x) + f (a+bylx) f(y) gla—y) dy = puflx) + I (a+byja) f(y)

T puf*M(x—y) dy

n~1

= pif(5) + T pa [ (@t byfa) f(y) f*olx— ) dy

= puf() + T pu b+ 1)} 200 (1)
(from (I) and (II))

= pf(¥) + T punf* (x)  (from (1))

n=l

pfE) + I paf*n()

It

5 paf*n(x) (since /*1(x) = f(x))

= g(x), the required result. Q.E.D.

If the claim amount distribution 1s discrete and defined on the positive -
tegers, the corresponding recursive definition of total claims 1s

<

(s) go= % (a+bf1) figr5, 1 =1,2,3 ...

f=1
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with go= po; whereas the usual form is

{6) gi= X pafi® 1=0,1,2,3,

The number of computations required to obtain g;1s of order 22 for formula
(6) and of order ¢ for formula (5). Hence, for large values of ¢, the reduction in
computations is dramatic.

4. RESULTS FOR SPECIAL CASES

The recursive definitions of the density of total claims for the four distributions
considered in Section 2 are given below.

Continuonus Model Discrete Model
g(x) &

a) Poisson

f=1

ef) + 2 [ fOlete-ndy LD e

b) Binomial

[V0=p00 + [ (0= 1070 ele= 5) a5

L 2@ 0= )

¢} Negative binomial

z

plati=pe ) + [ (1m0 519 S6) ela= ) B

? Z {14 (a=1) jf1} f181-s

d) Geomcetric
a-p1W + [ Ole-nd] b > feis

The recursion for the compound Poisson distribution with discrete claim
amount distribution was originally given by ADELSON (1966) in an inventory
problem. He used generating functions to obtain his result,
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SunpT and JeweiLL (1981) generahize the results of the present paper. They
obtain results for a more general recursion than (1) and obtain results for the

casc of possibly negative claims.
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