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RECURSIVE EVALUATION OF A FAMILY 
OF COMPOUNI) DISTRIBUTIONS* 

H A R R Y  H .  P A N J E R  

U m v e l m t y  of W a t e r l o o ,  O n t a r i o ,  C a n a d a  

1 I N T R O D U C T I O N  

Compound dlstributmns such as the compound Pmsson and the compound 
negative binomial are used extensively m the theory of risk to model the 
distributmn off the total claims incurred m a fixed period of time The usual 
method of evaluating the dlqtributmn functmn requires the computatmn of 
many convolutions of the conditional d~atnbutmn of the amount of a claim 
given that a clmm has occurred When the expected number of claims is large, 
the computatmn can become unwmldy even with modern large scale electronic 
computers 

In tlus paper, a recurs|xe definitmn of the distribution of total clmms is 
developed for a family of claml numbel distnbutmns and arbitrary claim 
amount distributions When the clam1 amount is discrete, the recursive 
dehnitmn can be used to compute the distribution of total claims without the 
use of convolutions. This can reduce the number of required computations by 
several orders of magnitude for sufhcmntlv large portfolios 

Results for some spemfic dlatnbutmna have been prevmusly obtained using 
generating functions and Laplace t r a n s f o r m s  (see PANJER (1980) including 
dlscussmn). The simple algebraic proof of this paper yields all the previous 
results as special case~ 

2. THE FAMILY OF CLAIM N U M B E R  D I S T R I B U T I O N S  

Consider the family of claim nunlber dlstribunons satisfying the recursmn 

(1) Pn = p ,~- t (a+ b/lz) ,  n = 1, 2, 3 . . .  

where p .  denotes the probabihty that exactly n clmms occur in the fixed time 
interval. Members of flus family are 

a) Poisson chstrlbutmn' 
t" - x k n  

, 1/. = O ,  1 2 ,  1. P n  --  i / i  , . .  

* T i le  a u t h o r  is g r a t e f u l  to t h e  l e f e r ec  Ior  p o i n t i n g  o u t  an  e r ro r  m t h e  o r ig ina l  d r a f t  
T h i s  r e s e a r c h  w a s  s u p p o r t e d  b y  t h e  N a t u r a l  S c m n c e s  a n d  E n g i n e e r i n g  R e s e a r c h  C o u n m l  
of C a n a d a  
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2. p, /p ,~_L = X/n, po = e -~' 

3 a = o ,  b = X  

b) BinolmaI distr ibution 

1. p .  = (.N) p "  ( l  - - p ) u - " ,  ,~ = o, 1, 2 . . . . .  N 

p , = o ,  n = N + I , N + 2  . . . .  

2 P ,dp , , -1  = ( 1 V - n +  I ) p / ( u ( 1 - p ) ) ,  po = ( l - p ) ^ '  

3. a = - p / ( t - p ) ,  b = ( N +  l ) p / O - p )  

c) Negative bmomml ¢h~trlbtmon 

1 p,,  = ( ~ ' " , ~ - ' ) p " ( l - p ) %  ,~ = o, l, 2, 

2 p ,dP, , -1  = ( ~ . + ~ l - t ) p / n ,  po = ( t - p ) ~ ,  

3 ,7=p, b=(~-~)p  

d) Geomet l lc  d l s tnbu tmn  (Negative binomml with c~= l): 

t. p , ,  = ( l - p )  p" ,  n = o ,  1 , 2 ,  . .  

2. P,dP,,-~ = P, po = I - p 

3. a = p ,  b = o  
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SUNm and JEWELL ( 1 9 S l )  shox~ tha t  these are the only members  of this 
family. 

3 THE RECURSIVE FORMULA 

ConsKler tile compound dis tr ibut ion with dis tr ibut ion funct ion 

(2) G(x) = ~Z p,~F*"(.a),  x > o 
n - I  

= p 0 ,  V = O 

for a rb i t ra ry  claun amount  dis tr ibut ion F(~), x > o. For  notat ional  conve- 
nience, assume tha t  F ( x ) .  x > o, is of the contlnuou~ form Corresponding 
results will be given for tile discrete ca,it. Then thc densi ty  of total  claims is 

(3) g(x)  = ~ pr~ f*" (x ) ,  x > o 
n - i  

= p 0 ,  3.. = 0 

when f ( x )  is the dcnsl ty assoclated with F ( x )  

In the theorcm whmh follows, the following two relatmns will be usecl' 

(I) f f ( y ) f , n ( x _ y ) d y  = f * ( n + ' l ( x ) ,  ,t = 1 , 2 , 3  . . . .  
0 
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(II) f y f (y ) f* '~(x -y )[ f*~n+~)  (x) dy = x/Q,+ I), n = I, 2, 3, ..  
o 

Relat ion (I) as the usual recurslve definition of convolutiorls The left side of 
relation (II) is the conchtlonal mean of any  element  of a sum consisting of 
n + 1 independeii t  and identically dis t r ibuted elements, given tha t  the sum is 
exact ly  x The mean is x/(n + 11 as a result of the s y m m e t r y  in the elements of 
the SUln. Relat ion (II) is used lla Buhhnann  and Gerber 's  discussmn to PAN JEll 
(1980) to develop an a l ternate  proof of the result described m tha t  paper. 

Theorem 

For  p .  and g(x) defined by (l) and (3) iespcctwely,  and f (x)  any dis tr ibut ion 
of the cont inuous type  for x > o, the followmg recurslon holds.  

(4) g(x) = p,f(x)  + i (a + by~x)f(y) g ( x -  y) dy, x > o. 
o 

Proof 

Subst i tu t ing  (3) into the right side of (4) results in 

x 

p~f(x) + f (a + by/x) f ( y )  g(x - y) dy = p , f (x )  + J" (a + by~x) f ( y )  
o o 

pnf*n(x - y) dy 
n - I  

= p~f(x) + Z Pn f (a+by/x)  f ( y ) f * n ( x - y ) d y  
n -  i tl 

= p ~ f ( x )  + Y, 
n - i  

p .  {a + b/(n+ I)}f*(n+l) (x) 

(from (I) aim (II)) 

= pt f (x)  + Z p,,¢tf*(n+l)(x) (from (1)) 
n -  i 

= p~f(x)  + ~2 p . f * n ( x )  

= ~ p,,f*~(x) 
n - t  

(sincef*l(x)  = f (x) )  

= g(x), the reqmred  result. Q.E.D. 

If the claim ainount  distr ibution is discrete and defined on the posi twe 111- 
tegers, the corresponding recursive deflmtlon of total  claims is 

(5) gt = E (a+t;j/7)fjg~_j, ~ = ~ ,2 ,3  . . . .  
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with go = po" whereas the usual form is 

(6) g~ "" = = p . f ,  , i o,  1 , 2 , 3  . . . .  
m - o  

The number of computations required to obtain gl is of order ,2 for formula 
(6) and of order i for formula (5). Hence, for large values of ~, the reduction in 
computations is dramatic. 

4' RESULTS FOR SPECIAL CASES 

The recursive definitions of the density of total claims for the four distributions 
considered in Section 2 are given below. 

Continuous Model 
g(x) 

a) Po~sson 

xe-V(x) + -  x 
o 

b) Binomial 

P [N('-P)^~f(x) + f {(N 
1 - - p  

o 

Discrete Model 
gt 

c) Negative binomial 
z [ ¢ p ~(l-p)~f(x) + 

o 

d) Geometric 

yf(y) g(x - 3') dy = jfig,_j 
t - I  

+ I)y/x- I}f(y) g(x-y) dy] 

-P ~ {(N + 1) Jl~ - 1 } fJg~_J 
1 P I -I  

p [ ( ] - p ) f ( x )  + 

{1 + ( o ¢ - - 1 ) y / x } f ( y ) g ( x - - y ) d y ]  

P Z {1 + ( ~ -  1) j/l}fjgt-j 
J - - I  

f f(y) g(x- y) dy] p ~ fjg~_~ 
• ) - I  

Tile recursion for tile compound Poisson distribution with discrete claim 
amount dzstributlon waq originally given by ADELSON (1966) in an inventory 
problem. He used generating functions to obtain his result, 
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SUNDT and JEWELL (1981) generahze the results of the present paper. They  
obtain results for a more general recursion than (I) and obtain results for the 

case of possibly negative claims. 
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