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ON T H E  NUMERICAL EVALUATION OF STOP-LOSS PREMIUMS 

F. COVENS, M. Vax \,Vouwz AND M. (;O()VAEI(TS 

.A i m m e r l c a l  p r o c e d u r e  ~s d e s c r i b e d  to  e v a l u a t e  t h e  sLop-loss  p r e m i u m  in c a s e  
t h e  r i sk  p r o c e s s  ~s ;L c o m p o u n d  P o i s s o n  p r o c e s s .  T h e  m e t h o d  is m a i n l y  b a s e d  on  
a n  a l g o r i t h m  of R .  P i e s s e n s  a n d  5'I. B r a n d e r s  for  t h e  | m l n e r i c a l  e v a l u a t i o n  of  
F o u r i e r  t r a n s f o r m s .  

1. INTRODUCTION 

Until now a lot of at tempts have been made for computing tile stop-loss 
premium in the case of a coml)ound Poisson process. Some of these procedures 
are exposed in a contribution of BoltSIAX and ESSCHEI{ (1963). A more recent 
procedure was proposed by HALStSTAD (1976). He considers a discrete claim 
amount distribution. His method is based on the use of generating functions. 
The algorithm performs good results if one is able of determining the largest 
claimsize, which is included in the computation of the approximated generating 
function. 

The numerical procedure, here presented, computes the stop-loss premium 
for the compound Poisson process, involving a continous density function 
g(x) for the individual claim amounts, in this sense, it can be considered as 
an extension of the procedure proposed by David Halmstad in the discrete risk 
theory. The plan of the present paper is as follows : in section 2 the analytical 
steps in transforming the representation of the stop-loss premium are given 
and applied to three different cases. The next section gives a brief discussion 
of the numerical procedure. The last section contains some numerical results. 

2. ANALYTICAL STEPS 

Recently SEAL (1977) described a numerical procedure to invert numerically 
some characteristic functions. In fact he uses a classical trapezoidal quadrature 
formula in connection with the also classical cosinus transform, applied oll 
e-CXf(x). In fact the following set of inversion formulae hold 

(1) ~(u) = J~ cos (ux)f(x)dx 
o 

2 ~ 
= - c o s  (ux)~(u)d~, (2) f ( x )  ~ o 

and, some elementary calculus shows that in case: 

(3) f(x) = S ( v -  x) dF(v, t} 
x 
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where  F(v,  t) deno t e s  the  d G t r i b u t i o n  func t ion  of the  c o m p o u n d  Poisson pro-  
cess, wi th  cos inus  t r a n s f o r m  ?F(U), f (x)  can be cas t  in to  the  f o r m '  

2 ( 1 - ~F('u) 
f ( x )  = -- c o s  ( , . v )  d . ,  .~>~ o 

J It 2 
o 

(4 )  

wheFe 

(5) 9F(U ) = e-zt+xt ,,~ cos (,,x)aF,.(0c) cos (X/ f sin (ux)dFx(x)).  
0 

Let  us cons ider  n e x t  th ree  specml  cases,  n a m e l y  a sum of exponen t i a l s ,  a 
g a m m a  and a Bessel  dens i ty .  Success ive ly  the  fo l lowing resu l t s  can be ob ta ined"  

a 

(6) i) f x ( x )  = X a~c~e -~*  
i 

(7) cos (ux)fx(x)d.x: = a,,~,, 'e (Z,~ + ?12 
, j . ]  

o 

(8) sin ('z¢x)fx(x)dx = a~o~ 
O~ v + ~l g ' 

, ~ , .  | 
0 

These  resul ts  can be in se r t ed  in the  r.h.s,  of (5) in o rde r  to  get  an  e legan t  
ana ly t i c a l  express ion  for  t he  F o u r i e r  t r a n s f o r m  ~F(u). 

(9) i0 fx(x)  = e--~x~-l/p(~). 

Again  p e r f o r m i n g  an e l e m e n t a r y  ca l cu l a t i on  g ives :  

f 1 
(I o) cos (ux) fx (x )dx  = (I + u2)~/---7~ cos (,,Arctg u) 

o 

f 1 sin (,JArclg u) ( ,1) sin (ux ) /x (x ldx  = (---~ u°') ~12 
u 

c o n s e q u e n t l y  the  r.h.s, of (5) can 1)e e v a l u a t e d  n u m e r i c a l l y  in a r a t h e r  easy  
m a n n e r .  

As a las t  e x a m p l e  we cons ider  tile Bessel  d e n s i t y  1 

(12) ii 0 f x ( x )  = 0 ~ e 40 e-O~: I,_~ (~ I/ x) x = 

The Bessel density is obtained m the following manner:  consider a random variable X 
d~stnbuted according to a gamma distrlbutton with scale parameter  0~ and lnean 
(p + k + 1)/= and take k as an integer valued random variable with a Poisson distribution 
with parameter  X. The compound distribution of X obtained by summing over k has the 
density cce-J-~xz(xc~/X)ol-" Ip(2 l / ~ ) .  Introducing some other parameters gives raise to (i 2) 
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where I~(x) = k! P C p + k +  l) 
J . ,  o 

with E ( X )  = ~ v + 

//5(X 2) = ~)-~ 'v (v+  1) + 2 ~4 6 ( v +  1) + 

denotes  a modi f ied  Bessel func t ion  

Making  use of some of the  results  appea r ing  in (i[(ADSH'rI:.YX and  RYZlUK 

(1965) one gets" 

c o s  ( , , ,x ) f .v ( . , ' )d .v  = i '+ . . ,~ lO") . l "  
i i  

- -  e 4o0,,u= cos v Arctg + 4 0 2 ~ u 2  

as well as 

f sin (ux)f .r(x)dx = 

t l  

,4) 

, , : <  ) 
(1 +ua/O2) ~1~- e 40 0=+,: sin v Arctg + a~ ~t, 

4 0 2 7  - ~ 6  ' 

And once mare  inser t ing  theae resul ts  in to  the  r.h.s, of (5) gives raise to an 
express ion for ~F(U) which is e x t r e m e l y  e legant  to c o m p u t e  numer ica l ly .  

.3. THE NUMERICAL PROCEDURE 

Recal l ing  (4) the numer ica l  invers ion can be reduced to one over  a finite in t e rva l  

f 1 - ~F(u)  
cos  (ux) - d .  a > o 

it ,  2 

a 

in case the  r ema in ing  con t r i bu t i ons  resul t ing  fronl  the  in tegra t ion  outs ide  
[a, b] can be e s t ima ted  with a s a t i s f ac to ry  accuracy .  Bu t  

f , - ~F(u)  2 I cos (ux) - - - - -  du ~< 
i ,/¢2 b -  ' 

b 

c o n s e q u e n t l y  it is sufficient  to choose b suff ic ient ly  large. On the  o ther  hand"  

' ¢ , - ~ , ( u )  - ~ ?erE(X2)  + x t E ( X ) q u ~  , a(a/02. ) cos (ux) . . . . . . .  u 2 du ~< 7 2 
o 
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Hence  it is sufficient to choose a sufficiently small in order tha t  

~- XI[E(X 2) + XlE(X) 2] - -  
sin (ax) 

represents with the desired accuracy 
a 

f 1 - ~F(U) cos (ux) -du. 
14 2 

u 

The nmnerical  procedure is based on an algori thm of PIESSENS and BRANDERS 
(1975) who gave an adapt ive  quadra t ive  me thod  for the au tomat ic  computa-  
tion of integrals with s t rongly oscillating integrands.  The integrat ion of this 
me thod  is based on a t runca ted  Chebyshev series approximat ion.  In fact  the 
algori thm gives an adapt ive  quadra t ive  me thod  for the au tomat ic  computa t ion  
of one or both  of the integrals" 

b b 

f sin (wx)f(x)dx and J" cos (wx)f(x)dx 
a a 

to within a user-specified absolute tolerance. This excellent algori thm has as 
main components  

i) a procedure for evaluat ing 

Sr,(w) = J" sin (wx)f(x)dx 
I t 

where Ij is a subinterval  of [a, b]; 

ii) a me thod  for calculating %(w), an est imate  for the error 

I Sz,(w) - J" sin (wx)f(x)dx I. 
i i  

The interval  [a, b] is divided into n steps where n is also specified b y  the 
user. The algori thm also gives an est imate of the to ta l  error  and has also 
a feature  for detect ing round-off  errors. Consequently there  are two possibili- 
ties for the algori thm to give wrong results, namely  in case the number  of 
steps specified by  the user is not large enough, secondly in case round-off  
errors occur on a too large scale. 

However  the est imate of the error gives the possibility to decide whether  
the desired accuracy is reached. In our examples we have indicated with an 
asterisk the results tha t  are not  accurate  enough, we also have wri t ten down 
the est imate of the error in order tha t  the reader  will be able to check tha t  
even a negat ive result can be obta ined for the stop-loss p remium in case the 
error estinaate is larger than the absolute value of the final result. 

2 I  



to 

T A B L E  I:SUM OF EXPONENTIALSXVITH PARAMETERS: ~ 1 2 3 4 5 
0.6635948 0.3114878 0.02405664 0.0008425574 0.0000182026 
3.675472 O.7116063 0.09447445 o.oo932298o °.°°°496562° © 

< 
:z 

~ x  o.o o.1 0.2 0.3 0. 4 0. 5 0.6 0.7 0.8 0.9 1.o :n t \  

lo 3.4863 3.2346 3.o199 2.8352 2.6745 2.5332 2.4077 2.2954 2.194 o 2.1o19 2.o179 .~ 
(o. 1E_4) (o. iE_4) (o. 1E_4) (o. 1E_4) (o. iE_5) (o. iE_5) (o. 1.E-5) (o. iE-5) (o. 1E-5) (o. lE-5) (o iE-5) > 

5 ° lO.6928 9.3299 8.2545 7.4153 6.7527 6.2250 5.8001 8.4534 5. 1661 4.9241 4.7166 :~ 
(o. 1E-4) (o. IE-4) (o. 1E-4) (o. i E-4) (o. t.E-4) (o. i E-4) (o. lE-4) (o. 1E-4) (o. I E-4) (o. i E-4) (o. 1E_4) ~ O 

loo 17.o946 14.42 12.5oo 3 11.1o41 1o.o641 9.2633 8.6233 8.0934 7.641o 7.2454 6.8935 ~ 
(o. lE-4) (o. lE-2) (o. lE-4) (o. lE-4) (o./E-4) (o. lE-4) (o. lE-4) (o iE-4) (o. lE-4) (o. lE-4) (o iE-4) > 

15o 22.5394 18.6348 15.9781 14.o978 12.7o62 11.6213 1o.7366 9.9912 0.3496 8.7900 8.2963 
(o. lE-4) (o. lE-4) (o. lE-4) (o. 1E-4) (o. 1E-4) (o. lE-4) (o. IE-4) (o. I.E-4) (o. IE-5) (o. 1E-5) (o. lE-5) 

200 27.4555 22.3693 18.987 16.625 14.867 13.485 12.356 11.413 1o.615 9.936 ').356 O 
(o. 1E-4) (o. iE-4) (o iE-3) (o. 1E-3) (o. IE-3) (o. 1E-3) (o. lE-3) (o. lE-2) (o. 1E-2) (o. iE-3) (o. IE-3) 

> 
250 32.00 25.73 21.644 18.79 16.67o 15.oo6 13.664 12.57o 11.666 1o.016 )0.29 

(o. lE-2) (o.lE-2) (o. 1E-3) (o. IE-l) (o. 1E-3) (o. IE-3) (o. 1E-3) (o. IE-3) (o. lE-3) (0.1E-2) (o.~E-2) 



T A B L E  2 : GAMMA W I T H  P A R A M E T E R  y ~ 2 

~ t ~  o.o o. 1 0.2 o, 3 0.4 0. 5 0.6 0. 7 0.8 0.9 1.o 

1o 3.o816 2.2494 1.6ol 4 1.1126 0.7548 0.5004 0.3245 0.2060 o.128o o 0780 o.o467 
(°'IE-7) (°'1E-7) (°.1E-7) (o.]E-7) (o. IE-7) (o. IE-7) (o. lE-7) (o. 1E-7) (o. IE-7) (o. lE-7) (o. lE-7) 

5 ° 6"9o6o4 3.15472 1.2 i 8 i 9 o.39689 o. 1o941 o.02566 o.oo515 o.ooo89 o.ooo 13 o.oooo 17 °.oo°o°~' 
(°' 1E-7) (°-IE-7) (°. IE-7) (o- IE-7) (o. IE-7) (o. IE-7) (o. IE-7) (o. IE-7) (o. IE-7) (o. IE-7) (o IE-7) 

loo 9.76933 3.oto87 o.64113 0.09348 0.0094 ° 0.00066 o.oooo 3 0.000001 o.ooooo1" 0.0o0002* 0.000017* 
(o. lE-7) (o.1E-2) (o. IE-7) (o.1E-7) (o. 1E-7) (o. IE-7) (o. 1E-7) (o. IE-7) (o. IE-8) (o. lE-8) (o. IE-8) 

15 o I/.966o5 2.65728 o.32899 o.o2232 o.ooo84 o.ooool8 o.oooo002 -o.0oo3* o.ooooo2* o.oooo004*o.o0o04* 
(°'lE-7) (°" IE-7) (°-IE-7) (°. I-E-7) (o. lE-7) (o-lE-7) (o. lE-7) (o. I E - 0  (o. IE-3) (o. lE-4) (o. lE-2) © 

© 

TABLE 3 : BESSEL XVITH PARAMETERS V = 2, ~ ~ 3, 0 = 2 

N 

~ X ~ x  0 . 0  O. 1 0 . 2  O, 3 O. 4 0. 5 0.6 0. 7 0.8 0.9 1 0 

lo 5.53219 4-72127 3.98o49 3.3146o 2.72575 2.21351 1.77513 1.4o594 1.o999o 0.85o09 o,64921 
(O. IE-5) (o-IE-5) (o-IE-5) (o. IE-5) (o. 1E-5) (o. 1.E-4) (o. IE-6) (o. IE-6) (o. lE-6) (O. lE-6) (o. 1E-6) 

5 ° 25.o9 19.991 15.1 lo.8945 7.31o74 4.55612 2.62337 a.391 x9 o.67851 o.3o432 o.12564 
(o. IE-2) (o. IE-3) (o.I) (o.1E-6) (o. IE-6) (o. IE-6) (o. lE-6) (o. IE-6) (o. lE-6) (o. 1E-6) (O, lE-6) 

loo 5o.oo 39-453I 29.16 19.6613o 11.73572 6.03894 2.62637 0.95378 0.28765 0.07200 o.o1499 
(o. 1E-2) (o. 1E-4) (0. iE-1) (o. 1E-6) (o. 1E-6) (o. IE-6) (o. i E-6) (o. iE-6) (o. iE-6) (o. 1E-6) (o. 1E-6) 

15 o 75.oolo 59.082 43.33083 28.39635 15.7643o 7.02982 2.41692 0.62524 o. 12o45 0.01727 0.000853 
(o. 1E-4) (o. 1E-3) (o. I E-6) (o. 1E-6) (o. IE-6) (o. 1E-6) (o. I E-6) (o. 1E-6) (o. IE-6) (o. IE-6) (o. 1E-6) 

tLO 
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4. NUMERICAL RESULTS 

W e  will  g ive  here  t he  n u m e r i c a l  r e su l t s  o b t a i n e d  for  t he  t h r e e  p a r t i c u l a r  cases  

c o n s i d e r e d  in s ec t ion  2. 
L e t  t he  s t o p  loss p o i n t  be g iven  b y  (l  + x )  tE(X) ,  t hen  the  fo l lowing  resu l t s  

a r e  o b t a i n e d  for  d i f f e r en t  va lues  of t h e  t ime  p a r a m e t e r  a n d  for  d i f f e ren t  

v a l u e s  of x. A n  e s t i m a t e  of t he  e r ro r  is g iven  in p a r e n t h e s e s .  
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