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T H E  N E G A T I V E  E X P O N E N T I A L  D I S T R I B U T I O N  ANI)  A V E R A ( i E  
EXCESS  CLAIM SIZE 

G. C. TAYLOR 

Consider a claim size distr ibution with conltHelnental-y d.f. H( . ) .  Let  E(x) 
denote  the average claim paymen t  under  a policy subject to this claim size d.f. 
but with a deductible of x. Tha t  is 

E(x )  = E m a x  ( . ,  X - x ) ,  

where E is the expecta t ion  operator  and X is the randonl variable clainl size 
before application of the excess. 

I t  is wel l -known--see  BENKTANDER and SEGERD.,\HL (1900 , p. 6 3 o ) - - t h a t :  

cO 

(,) E(x) = J" H(y)  d 3 , /H(x )  
x 

I t  was shown by them tha t  E(x) is a constant  for all x >/ o if and only if the 
claim size d.f. is negative exponent ia l :  

H (x) = e - ~ ,  x > o, k c o n s t .  

This p roper ty  of the negative exponent ia l  distr ibution is closely t-elated to 
the fact tha t  it is the only distr ibution with constant  failure rate. See KAUI:- 
~IANN 0969,  pp. 20-22). 

The cons tancy of average excess claim size with varying deductible call be 
useful in practice. For  exanlple, if the distr ibution of motor  vehicle (proper ty  
damage) claim sizes can be assumed roughly exponential ,  which ,,viii often be 
reasonable, then a variat ion in the deduct ible  will not induce any  variat ion in 
the average size of claims paid by tile insurer, i.e. af ter  application of the 
deductible.  This will be a par t icular ly  useful piece of inforniat ion if for example 
one is examining trends in average claim size over a period during which a 
change in deductible occurred. 

Although, as suggested above, it may  well be reasonable to assume tha t  
claim size d.f. is rouglfly exponential ,  a closer examinat ion is likely to reveal 
that  this assumption tends to break down to some ex ten t  for large claim sizes 
(say more than twice the mean). In this case it will be useful to know the 
conditions on the claim size d.f. which lead to constant  average excess claim 
over only a subinterval  of the whole range of the d.f. I t  is shown below tha t  
once again a distr ibution which is negative exponent ia l  (but this t ime with a 
scale constant  which is not arbi t rary)  distr ibution is tile one required. 
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We require 

E(x)  = E, const. ,  for x -: [a, b 7 say, 

I t  will be convenient  to write 

(2) E(x)  = E(b), eonst.,  for x z [a, bl. 

I t  follows from (1) and (2) tha t ,  for x ¢[a, b~ 

1 l d 

E(b) = t~(x) - - d.-~ l°g f H ( y )  dy. 
x 

In teg ra t ion  over  x between z and b (z¢[a, b]) and slight r ea r rangement  
yields : 

i H (y) dy  b - z  
(3) F.(b) = log  

: H(y) ay 
b 

b 

But J" can be wri t ten as (f  + f). Subs t i tu t ion  of this in (3) and a lit t le 

more r ea r r angemen t  leads to:  
b 

J H ( y )  dy = [exp (b - z)/E(b) - t~ f H(y)  dy, 
• b 

whence, by  different iat ion on each side, 

H(x)  = Ke-x/E(~), 

where K is the constant . ,  

(4) K = H(b)e~/E(to. 

Equa t ion  (4) shows that ,  for deductibles in the range a to b, the average  
claim size in excess of the deduct ible  is insensit ive to var ia t ion  in the de- 
duct ible  only if the claim size d.f. is negat ive  exponent ia l  on the in te rva l  
[a, b]. Unlike the case in which the negat ive  exponent ia l  dis t r ibut ion can be 
assumed for the whole of (o, ~ ) ,  the scaling factor  in our  case is not immater ia l .  
In fact ,  Equa t ion  (4) shows tha t ,  on ra, b], the c o m p l e m e n t a r y  d.f. mus t  be 
proport ional  to a section of the negat ive  exponent ia l  c o m p l e m e n t a r y  d.f. with 
mean E(b) 
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