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RATIN( ;  T H E  D [ S C O U N T  FOR A MOTOR I N S U R A N C E  E X C E S S *  

(;. C. TAYLOR 

The problem of rating the discount for an excess is considered under the condi- 
tion where premmm rates for excess-free pohcies are calculated according to a 
mult~plicativc (or eqmvalcntly, points rating) model. 

Section 3 obtains some inequalities on the manner m. which the discount should 
vary over the various risk-classes in the portfolio and compares the results with 
the current practical situation in Auatralia 

Section 4 derives a formula for ratmg the discount ]lid gives some reasonable 
and practical approxmlations. 

I. DIFFICULTIES IN RATING THE DISCOUNT 

This paper considers the discount, or reduction in premium, wlfich can be 
allowed in respect of an excess on a comprehensive motor  insurance policy. 
[n Australia such policies are limited almost entirely to proper ty  damage 

COVer. 

To establish terminology, let E be the amount  of the excess. Then, in the 
event of a claim involving damage of an amount  x,  the insurer is required to pay  

m a x  (o, x -  EE). 

Most motor  insurance portfolios include policies at various levels of excess, 

and so it may be thought  tha t  determining the discounts justified by  these 
levels of excess would be a reasonably simple m a t t e r - - m e r e l y  a mat te r  of 
examining the insurer 's experience to discover the manner  it] which claims 
cost per vehicle varies with excess. 

At this point one meets the perennial problem of motor  insurance rating. 

It is that,  according to the dictates of both experience and market  practice, 
premiums for motor  insurance are differentiated according to number  of risk 
factors each of which can assurne several values. This usually has the effect 
of producing so many  subdivisions of the portfolio tha t  the major i ty  of them 
are statistically unreliable for rating purposes. 

A further differentiation according to excess level obviously exacerbates 
this difficulty. 

Furthermore,  since many  insurers overcome the difficulty discussed in the 
second last paragraph by using some mathemat ical  technique, such as a 
multiplicative formula (discussed in more detail in Section 2), it is necessary 
to ensure ill Stlch cases that  the manner  in which a d.iscount for excess is 
introduced is not such as to throw up anomalies relative to the rating fornmla. 

* Presented at the 14th AS'FIN Colloquium, Taormina, October 1978. 



296 G.C. TAYLOR 

2. A RATING MODEL (FOR A GIVEN EXCESS) 

For  the present the question of excess will he ignored. Equivalent ly ,  it will 
be assumed tha t  a unique excess applies to all risks insured in the portfolio. 

I t  will be supposed, tha t  there are m risk factors, designated R L R 2 . . . . .  R TM. 

I t  is supposed that  Ri can assume n~ different values R~ . . . .  , R***,. Any partic- 
ular risk is then described by the m-tuple of values assumed by the risk factors. 
For  example,  (R ~j,, Rye, . . . .  I~j,~)'m will represent  a risk for which the risk factor  
R * assumes the value R}~, i =  1,2,  . . . ,  m. 

Let  P(j~, j2 ,  . . . , j m )  denote  the risk premiuln for this risk. In the sequel we 
shall make 

A s s u m p t i o n  I. 

Til t  risk premium is defined by a ntultiplicative structure. More precisely, there 
exists a set of quanti t ies  {z~J, i =  1, 2 . . . . .  m" J i =  l, 2 . . . . .  ni} such tha t  the 
risk premiuni has the form'  

,v 

(2.1) P(j~,j~., j,,,) = K 11 ~t 
t I 

As remarked in Section 1 this is a widely used rat ing device and often appears 
to fit  tile facts reasonably well. I t  is a device sometimes ex tended  into a slightly 
different form which is more convenient  administrat ively,  The new form is 
obta ined by  noting tha t  one may write 

t 
4 ,  = (1 + rF j' (2.2) 

whence (2.1) becomes: 

(2.3) 

with 

P ( j t ,  . . . , j r n )  = K(1 +r)~, 

(2"4) P = E PA' 
l , , I  

I t  is usual to refer to Ph as the points  score associated with the value R}~ of 
the risk factor  R ~. I t  is apparen t  from (2.4) tha t  the risk prcnaium is calculated 
by  obtaining ~, the total  points score for the risk under  consideration and raising 
the factor  (t + r) to this power. 

3- VARIATION OF DISCOUNT FOR EXCESS WITH RISK-CLASS 

Hencefor th  the m-tuple (jl . . . . .  3m) describing the risk will be denoted  by j in 
vector  notat ion.  

Let  X(j) be the claims f requency associated with risk j and let F (  . [j) be 
the corresponding d.f. of claim sizes. Then  

P(j) = X(j) p.(j), 
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where 

l-t(j) = ~x  dF(x I j), 
o 

which is the mean claim size associated with j. 

\,Ve now wish to introduce an excess into the rating system. Let  PE(j) be 
the risk premium required under the action of an excess E, 

(3-') PE(j) = X(j) ~E(j), 

w h e r e  

(3.z) t.~,~(.i) = I ( ~ -  E) d/:(x I J) 
E 

= H ( x  
E 

where H is the conlplementary d.f. 

H ( x  l J) = ~ - J " ( - ~  l J). 

The difference between the prenlium rate applicable in the absence of an 
excess and that  applicable ill tim presence of an excess of E is called the disco~rul 
for excess E. If it is denoted by De(j), then 

(3.3) De(j) = P . ( j ) -  PE(j) 

= x(j) [~,,(j) -f*~:(J)] 
E 

= X(j) J" H ( x  I J) dx. 
0 

The first quali tat ive question in which one might he interested is how DE 
responds to changes in j (for given E). Clearly, without  any assumptions 
about the way in which X and F vary  with j, practicalty any type of response 
of De is possible. In order to cut down on the range of possibilities and gain 
some insight into the problem, we make a distributional assumption. 

Assumption o 

The same distribution of claim sizes occurs in risk-classes j and k except that  
the claim sizes differ by a scalar multiple. More precisely, 

/:(~ l J) = F(~(j).~), 

for some d.f. F which is independent  of j. 

It should perhaps l)e l)ointed out that  the meaning of tile scaling coustant  
~(j) is that  c,.(j)> g(k) means that  the j amount  is stochastically smaller than 
the k amount.  
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Note  tha t  

[1)3' (3 2)] go(j) = J~H(~.(j)x)dx 
o 

= [ H ( y ) d y / ~ ( j )  
o 

(3.4) = ~,,/m(J), 

wherc  >o is the mean associa ted  with the d . f . F .  "l'hu~ 

(3 .5)  P . (J )  = >&(J)/~.(J). 

Now 

[6y (3..3)] 

(3.6) 

& 

DuO) = X(j) f H ( x ' j )  dx 
o 

N 

= xO) I H(~(j>)  ax 
o 

LX(i) 

= lx(j)/~.O)J f U(y)~l, , .  
o 

Therefore ,  I) 3, subs t i tu t ion  of (3.5) into ( y 6 ) '  

~:~ (i) 

(.3.7) DE(J) = ~g~ Po(J) J H ( y ) d y .  
(i 

\Ve now w~sh to coral)are the  size of tilt, d i scount  for different  values  of j. 
From (3.1), if ~(j) > ~(k), then 

/2 

l)~.(j) = X(j) ,f H(~(j)x) dx 
0 

~.x ( j )  Jet ( k )  

= X(j)!~(k)/o~(j)] J" H(~(k)y)  dv 
II 

12 

>~ X(j) [e(k)/eO) ] I H(~(k)y)  dv 
o 

(3 .8)  = ,X(j)/~.(j)! [.~(k)/X(k)J l)~(k), 
by  (3.~). 

Using (.3.5) in (3.8)" 

DE(j) P . ( j )  
(3 9) DE(k) >~ Po(k) " 
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It may be noted that  equal i ty holds here if and only if there is zero 
probabil i ty  of obtaining in risk-clas~ k a claim size between E and E~.(j)/~(k). 
Thus, for practical  cases w e  may take 

:)u(J) 
(3. ~o) :)~:(k) 

Returning to (3.(6): 

Po(j) 
> 

Po(k) ' 

Ea 0 ) 
De(j) = [X(j)/o~(j)] f H(y) dy 

o 

Ect (k) 
= [X(j)/~(j)I I~(j)/~(k)] J" H(x~(j)/u.(k))dx 

o 

I:~t(k) 

.~ ~X(j)/o~(k)] y H(x) dx 
o 

(3. l I) = [X(j)/~,(k)] DE(k).  

Agaul we note tha t  equal i ty  holds only if in both risk-classes j and k there 
is zero probabi l i ty  of a claim below the excess. Thus, combining (3.1o) and 
(3.1 t) for practical  cases: 

Po(j) DL:(j) X(j) 
(3.' 2) )%(k) < D---~-(k--) < ~ for 0~(j) > c,.(k). 

Now it is common in motor  insurance to find that  X(j) and bt0(j) vary  in 

s y m p a t h y  as j varies, i.e 

X(j) < X(k) if and only if go(j) < go(R). I t  then follows from (3.4) and (3.5) that  

P0(j) < Po(k) if and only if ~.(j) > ~.(k). 

In this case (3-12) can be replaced by.  

Po(j) DE0) X(j) 
(3"13) Po(k) < DE(k) < ~ < l, 

if and only if Po(j) < Po(k). 

What  this means in graphic terms is i l lustrated in the following diagram. 
[n this diagram, risk-classes are arranged along the horizontal axis in such 

a way that  the premium rates, p lot ted against the premium ra te  for a s tandard  
risk-class, form a linear graph. "l'lm shaded area shows [he area of the graph in 
which the discount for excess E, also expressed as a percentage of the discount 
for the s tandard  risk-class, can lie. 

The result embodied in (3.13) and the diagram is an interesting one because, 
in Australia at [east, there  is current ly  a strong tendency to allow a constant  
or near-constant  discount for all risk-classes. This seems diffmult to justify on 
the facts. 
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4 .  C A L C U L A T I N G  T H E  D I S C O U N T  

Equation (3.3) gives an expression for the discount for excess E under quite 
general conditions. Clearly, it is difficult to proceed in the absence of a know- 
ledge of all the d.f. 's F( . I J) unless some other assumptions are made. In this 
section we retain Assumption 1 from Section 2. We also make the assumption 
that ,  over all the risk-classes, claim frequency and average claim size vary in 
sympa thy  in a specific way, i.e. 

A ssumpliou 3. 

go(j)/lzo(k) = [),(j)/X(k)J:L for some constant  [3. 

By (3. ~), 
Po(j) [x(j) ~,,0) ] 

(4. ' )  Po(k) - Lx(k) ~ J  = 

by Assumption 3. Then, by (2.3) and (4.1), 

)'(J) [ ( '  + r) ~0) ] 
(4"2) X(R) - LO + r ~ J  

I X(J) ] 

( 1 + r )  (p(i) - ¢ (k ) ) /O  + f~) 

\ V h e l ' C  

m 
i (4 .3)  0(J) = x oj,, 

i i 

whmh is an al ternative form of (2.4). 

1 + f.l 
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Now by (4.2) and (4.3) 

>'(J) rl (, +r ) ,  (p,,-o,,)l(' ~> 
(4.4) ?,(k) - , . . ,  

whicla means that  claim frequency has a m,ullipliealivc structure. It  follows 
immediately from (4.4) and Assumption 2 that  average claim size has a multi- 
pl,cative slructure also. 

We now revert to (3.6): 
~(i) 

D,~(j) = [x(j)/~.(j)] .f H(y)dy 
o 

7.(j) c,.(k) 
= [g.oX(k)/m(k)] X(k) V.o 

~*(i) 
f H(y) dy/o~(j) 

o 

X(k) Po(k) of H(y) dy/>o(k)~.(j), 

by (3-4) and (3.5). Thus, by (4.2), 

(4.5) DE(j) = y(j)eo(k)  

where 

(4.6) 

(1 '+ r)  0(j) ll/(I+3) 
G +7?rq 

E ~(1) 

Y(J) = •o(k) J H(y)dy/Eo~(j). 

Now, as is apparent  from (2. I)-2.4), it is possible to choose K = P(k), say, so 
tha t  p(k) = o, i.e. k is a risk-class with zero points score. 

Then (4.5) becomes 

(4.9) DE(j) = y(j)Po(k) (1 + r) ~O)IO+~>, 

where y 1S defined by (4.6). 

4. I Firs! approximation to the discounl. 

Normally E0~(j) will be fairly small in relation to g,o (perhaps of the order of 
1o%) and H(y) will vary  fairly smoothly for small values of 3'- Therefore, 
a first approximation to y(j) is 

(4. ,.,) ~(j) = [E/~o(k)] H(½ E~(k)), 

o r  e v e n  

(4.1.2) y(j) = E/bto(k ). 
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The second of these has the advantage of being simple. I t  has the disad- 
vantage of overestimating the discount. Equat ion (4. I. l) is preferable, and an 
unsophisticated examination of claim sizes should be sufficient to form an 
idea of the size of H(½Ec,.(k)). 

4.2 Second apprommalion lo lhc discomzl 

The disadvantage of approximations (4. I. I) and (4.1.2) is that  both disregard 
the dependence of (j) on j. This can he taken into account by means of the 
approximation : 

-f(j) = ~E/~o(k)]Ll + Eoc(j)H'(~Eo~(j))] 

= [E/so(k)] [, + EH'(.~Eo~(j))bto/bLo(j)] (by (3-4)) 

(4.2. t) = [E/bt,,(k)] {I + btoH'(~Eo~(j)) [E/bt0(k)] (1 + r)-P(i)~/°+a)} 

by Assumption 3 and (4.2). 

4.3 Rule for calculation of discounl 

The verbal s ta tement  of calculation of the discount for excess E in risk-class j 
is as follows: 

1. Calculate the points score for risk-class j. 
2. Divide this points score by the constant  (l + [3). 
3. Raise (1 + r) to tha t  power. 
4. Multiply the result l)y "r times the excess-free premium rate for risk- 

classes with zero points score. Note tha t  ~ is defined in (4.1.1), (4.1.2) 
or (4.2.1) in terms of the mean claim size in risk-classes with zero points 
SCOFL'. 

Note tha t  our expressions for the discount, in the form of (4-5), satisfy the 

inequali ty (3.13). 

5 '  ESTIMATION O17 "ri lE PARAMETER 

By Assumption 3, 

log txo(j) = ~ log X(j) + const., 

which suggests that ,  as a simple measure, {3 might be est imated as the 
regression coefficient of log g.o(j) on log X(j). More efficient estimators could be 
found, e.g. maximum likelihood, which would be asymptot ical ly  efficient. 

E. S. Knigh! and Co., Sydney, Australia. 


