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V A L U E  A N D  P R I C E S  I N  A R E I N S U R A N C E  M A R K E T *  

[TLAVIO PRESSACCO 

This  pape r  concerns  t he  13orch model  of a r e insurance  m a r k e t  seen as a model  
of an  e c o n o m y  u n d e r  u n c e r t a i n t y .  

In a m a r k e t  of th i s  t y p e  t he  goods t r aded  are m~t: cover ings  c o n t i n g e n t  to  a 
pa r t i cu l a r  ~tate  o[ n a t u r e  (n- tuple  of claims).  

Our  idea is to  regard  t he  p r o b a b i l i t y  of a s t a t e  of n a t u r e  as a so r t  of in t r insm value  
of t he  re la ted  c o n t i n g e n t  covering.  From th i s  po in t  of view we examine  the  role 
of t he  re insurance  m a r k e t  in modi fy ing  va lues  in m a r k e t  equ i l ib r ium prices and  
o t h e r  quest ions ,  re la ted  to th is  classical economic  p rob lem,  in t he  p a r t i c u l a r  case 
. f  a q u a d r a t i c  u t i h t y  funct ion for all companies .  

1. INTRODUCTION 

A classmal problem m c c o n o l r t i c  theory is the relation between intrinsic value 
and exchange value of goods t 

Before to leave the concept of value for a utilitarian approach to the study 
of economic problems, much work was done to analyse the role of the market 
in modifying values in market prices. 

In this paper we propose to apply these "old" ideas to the study of a re- 
insurance market seen, as suggested by Bo~cH (196o, 1962 ), as a particular 
economy under uncertainty, working along the lines proposed by ARROW 
(1953) on which the modern theory of risk is based -~. 

2. BORCH'S MODEL 

Let us briefly recall Borch's model of a reinsurance market. There are n 

insurance companies, indexed 1 . . . .  , ~z, whose risk situation is described by 

* An ear l ier  vers ion  of th i s  p a p e r  was p r e sen t ed  a t  the  14th A S T I N  Colloquiunl ,  
".l'aormma, Oc tobe r  t978. 

I am i n d e b t e d  to t i le Manag ing  E d i t o r  for mat W helpful  sugges t ions  and  va luab le  
coin ments .  

i Perhaps  the  ear l ies t  ques t ion  a b o u t  t/Hs t h e m e  was, in the  Middle  Age, t h a t  of fair 
in t e res t  m connec t ion  w i th  the  u s u r y  p rob lem.  

La t e r  the  idea of va lue  can  be found  in A d a m  S m i t h ' s  t r e a t m e n t  of a n a t u r a l  pr ice  of 
the  goods as d i s t inc t  f rom m a r k e t  prices d e t e r m i n e d  b y  t he  b a l a n c i n g  of d e m a n d  and  
supp ly  

The  labour  t h e o r y  of va lue  of l ( icardo is a r e f i n e m e n t  of th i s  idea and  was in t u r n  t he  
basis  for Marx ian  t r e a t n l e n t  of surplus.  Since t h a t  t ime  only  t he  M a r x i a n  economis t  
accepted  the  not ion  of in t r ins ic  va lue  of goods. On the  o the r  side t h e  so-called A u s t r i a n  
(u t i l i ta r ian)  school developed Ins t h e o r y  of a pure ly  sub jec t ive  va lue  in s t rong  oppos i t ion  
wi th  a n y  idea of ob jec t ive  or in t r ins ic  value.  For  these  classical economic  ques t ions  see 
I/oisis (1973). 

R e c e n t l y  a n o t h e r  i n t e r e s t i ng  model for t he s t u d y  of i n su rance  m a r k e t s  was proposed  
b y  BOHLMANN and  GERBER (1978). 

This  model  is based  on ARROW (1974), b u t  talcing t he  a p p r o a c h  of m a r k e t s  for 
secur i t ies  r a t h e r  t h a n  of c o n t i n g e n t  marke t s .  
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a vec tor  T = (T1 . . . . .  Tn) of avai lable  funds to pay  claims, and  a random 
vector  X of independent  r andom var iables  X~ . . . . .  X ~ ,  claims for port fol io 's  
r isks of the n companies .  

A s ta te  of na ture  x of our economy is a par t icu lar  n- tuple  (x t  . . . . .  Xn) of 
claims. For  convenience we assume here tha t  the number  S of the set {x} is 
finite (we will use the nota t ion  xL s = J . . . .  , S) and  tha t  all companies  agree 
on a common  eva lua t ion  rc(x s) = r:s of their  probabil i t ies.  

The reinsurance m a r k e t  works  as a par t icular  economy under  uncer ta in ty  

in the following way :  before t rad ing  on the marke t  a c o m p a n y  is obliged to 
p a y  x~ = xis for claims if s ta te  s happens.  

But  there is f ixed a vector  p = (p(x~) . . . . .  p(xS)) or briefly (pl . . . . .  P s )  

of m a r k e t  prices, such t ha t  the c o m p a n y  can, by  p a y m e n t  of a suln 
p ( x s ) y i ( x  *) = Psy l s ,  b u y  the r ight  to receive a sum Yis if s ta te  of na ture  x 8 
happens  (and nothing else); t ha t  is the right for a covering Y,s against  tha t  
risk (briefly a cont ingent  covering) 3. 

Then if s ta te  s is observed the c o m p a n y  actual ly  loses for p a y m e n t s  of 
claims a sum equal  to X~s - yis. 

The to ta l  sum spent  by  the c o m p a n y  act ing in this way  over  all cont ingent  
marke t s ,  t ha t  is buyJing (or selling) cont ingent  coverings for y , t  against  

x~ . . . .  , y e s  against  xS is then equal  to X PsYis .  

So its ut i l i ty,  U, ,  af ter  these t ransact ions ,  is given according to the Bernoulli  
expec ted  u t i l i ty  approach ,  with u l (x )  as the ut i l i ty  of money,  by  the formula :  

(1) U,(y ,~  . . . . .  Yes )  = Z rcsu~(r ,  - Y., Ps3'~, - x , s  + Y i , ) .  
m # 

The c o m p a n y  seeks to maximize  his own ut i l i ty  by a suitable choice of Yi, 
t ha t  is by  convenient ly  buying  or seeing cont ingent  coverings. Maximizat ion 
of (1) for every  c o m p a n y  offers a set {y,} of vectors ;  the result ing s i tuat ion 
is not an equi l ibr ium one unless Y., Yes = o for every  s; t ha t  is unless the price 

m 

vector  is fixed in such a way  tha t  op t imal  independent  decisions of the com- 
panies clear all the cont ingent  markc ts .  

I f  this happens  the ( n +  1)-tuple of S vectors  p . . . . .  y ,  is called a com- 
pet i t ive  equi l ibr ium of the reinsurance m a r k e t  seen as a par t icular  economy 
under  uncer ta in ty .  

Tim existence of compet i t ive  equilibria in tiffs version of the reinsurance 

m a r k e t  is gua ran teed  by  mild condit ions 4 on the ut i l i ty functions,  u i ( x ) ,  of 
the n companies .  

a Note that a company can also sell contingent coverings; m this case tile sign of yf, 
is obviously negative. 

4 For existence of equihbrta m ecoaomies uuder uncertainty and related questions see 
ARROW and HAHN (197 I, p. X22) and DEBREU (t959, p. IO2). 
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3. THE CASE OF A QUADI¢A'I'IC UTILITY FUNCTION 

The above conditions are satisfied for example in case of a quadrat ic  ut i l i ty 
function ut(x) = x - a , x  ~, a , >  o, for ever5; company.  In tl-fis particular case 
BORCH (1962, p. 440) has given explicit expressions for equilibrium prices and 
quantities. 

To this purpose we need the following notat ions:  

a i  = , / 2 a , -  T t ;  E A ,  = A ' Z ( x  s) = as = X x i s ;  
• I t 

1) = E ( Z )  = X r~,z~," 
,S 

i.e. Z is the random amount  of accumulated claims over all companies, D is the 
expectation of Z, 1/2all is the "sa tura t ion  level" that  is the wealth point of 
greatest util i ty,  and A~ then the residual capacity of company i. 

The unique vector of competit ive equilibrium prices is then given bv the 
reIatmns : 

A + z ~  
(2) p~. = r: ,  A + D 

while fox the quanti tms it turns out 

(3) 
O1" 

(4) x i ~ -  y u  = q~z, 

where 

s = I, . . . , . ~  

y i s  = X t s - -  q i Z s  

S = I ,  . . . ,  .5'; l' = I, . . . , ~ ¢  

A ,  + E p s x , s  

(5)  q* - A + X p s z s  i = I, . .  . ,  n.  

The meaning of (3) is tha t  the market  transactions produce for any  state 
of nature an allocation of risks between the companies in fixed proportions, 
according to the qi, of the accumulated claims Zs (as described in (4)). 

4. PRICES AND PER S ONAL  PROI3ABILITIES:  THE CORRECTION FACTOR 

Now let us return to the key relatmn (2). \¥e claim that  the number rcs, prob- 
abili ty of the state of nature xs is a sort of " inner"  value of tile particular 
contingent good the right to receive one monetary  unit if x s is observed and 
nothing else (shortly the value of a unit of a contingent covering). 

In fact the subjective approach to the concept of probabil i ty defines in an 
operational way, the probabili ty of an event as the "fa i r"  price of the contingent 
right to receive a monetary unit 

See 1)15 FIN):.T'r[ (1974) &lid SAVAGE ( l q T l ) .  
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Can a subject ive  fair price be given all object ive meaning as ilnplied by the 
word value ? 

The m a t t e r  is quest ionable,  bu t  we think the difficulty can be overcome,  
a t  least m cases where all subject ive  evaluat ions  of a p robabi l i ty  are based on 
some general well accepted  criteria, and thus  agree on a common  number .  

Indeed  this is our case, as we assumed all companies  evaluat ions  r:is of the 
probabi l i ty  of s ta te  of na ture  (event) x s agree on a common value r:s. 

In this optic then we are able to give an interest ing lneaning to (2): it 
shows tha t  the m a rke t  price Ps of a good of our reinsurance marke t  ( that  is of 
a unit  cont ingent  covering) is obta ined by mul t ip ly ing the " v a l u e "  of the good 
(his probabi l i ty)  T~s by  a marke t  correctmn fac tar :  

zl +2'~ 
( , )  ~ = ; ~  ~_-))  ,,- = ~, . . . ,  s .  

I t  is worth to observe tha t  the fac tor  ~s, keeps account  both  of the compames  
risk aversion 0 embodied  in A~, then in A, and of the specific risk connected 
with the s ta te  s ( r emember  the meaning  of Zs). 

We think this possibili ty,  not restr icted to the quad ra tm  case as we shall see 
later, to factorize the price of a cont ingent  covering in t e rms  of the related 
1)robability has an ou t s tand ing  impor tance  in the analysis  of the reinsurance 
marke t .  

Indeed  the existence of a logical connect ion between prices of cont ingent  
g(~ods and probabil i t ies  of the related s ta tes  o( na ture  was recognized by the 
economists  as a leading fea ture  of economies under  uncer ta in ty .  

Concerning a general model of an economy of this type,  for example  DRiZZE 
(197 l) shows tha t  in equil ibrium the following relation must  hold: 

kt8 
( 7 )  P ~ ,  - ?,~ ,~ i , .  s = J . . . . .  ,s' 

which links the equ ihbr ium price p,,t of the numdraire  (physical good labelled 
I of the mult igood economy)  and the personal  evaluat ion  of subject  i of the 
p robab i l i ty  of s ta te  of na ture  s. 

In case of agreement  on the above  probabil i t ies  with r:, as the common  

l)r°balfility (7) l)ecomes posing ~,~ = ?,~ 

(,S) p~, = X.,.. r:, s = l . . . . .  .b" 

A measure of the risk aversion expressed by a utility function el(x), is tile so called 
r~sl< abs()lute a\'el~ion function lit(x) = -u"~(x)/u't(x) (PRATT (1064) } It is easy to see 
that m o u r  quadratic case the v,tlue a_~sumed by Rl(x) for x = T ,  is nothing but the reeip- 
roLal i/A~ of the re.~tdual capacity. 
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where the meaning of ks is tha t  of relative marginal uti l i ty of the num&aire  
under s tate  s, so that  it really plays the role of a "correct ion factor" .  

Moreover it could be seen that  the above marginal utilities reflect relative 
scarcities of the numdraire m the various states of nature.  

After  this enlightening walk in the economic field let us now return to our 
reinsurance market .  Here there is only one physical good: money  (traded 
either as covering or in the form of side payments) .  It of course plays the role 
of nun%raire in out-model .  

The correction factor  }s of (6) then, couM be seen as the marginal ut i l i ty  
of wealth given stai.e s, and it is obviously greater  (ceteris panbus)  when ac- 
cumulated  claims are relatively high, so tha t  there is relative scarci ty of money 
to honour  coverings (to pay claims). 

One remark more;  it follows from (6) that  }~ is linked to s only via the ac- 
cumulated amount  of claims z,. This fact implies an interest ing relation 
between prices and values of unit  cont ingent  coverings for states s ' ,  s "  different 
but with the same amount  of accumulated claims zs' = z~,,. I t  is precisely 7: 

(9) I '*'IP*" = ~s'/=*'" 

which follows immediate ly  being [3s' = ~s'" as implied from (6) and the above 
assumptions on as. 

5'  MARKET VALUES AND INNER VALUES 

The role played l)y the market  prices as a mechanisln for rea l rangement  of 
values is clearly described in another  relation: 

(lO) ~ p ~  = 2=~ .  
# • 

A relation of this type too, is character is t ic  of a general economy under  
uncer ta in ty .  Indeed once fixed the numdraire (good J) the sum E/5st of the 

equil ibrium prices of the numfiraire turns out to 1)e 1. Shmfld this fact  i lnply 
that  the prices of the numdraire can be considered as a sort of "m ark e t  
evaluat ions"  of the probabili t ies of s tate  s? While this interl)retation is in 
general ilVfounded s it could be accepted in our part icular  model of a one- 
good economy with unanimous agreement  on the probabili t ies of the s tates  of 
nature.  

The proof of (Io) is immediate ;  (:2) and sumnlat ion o v e r s  gives: 

\ ,  \ ,  .4 + : ,  
/ / ~  Ps = ~ ' "  A + I )  

• # 

7 In  fac t  re la t ion  (9) holds ,  more  guncra.lly, u n d e r  mild  c o n v e m u n t  a s s u m p t i o n s  on t h e  
u t i l i t y  f u n c t i o n s  u,(x) of  t h e  c o m p a n i e s .  See CASPI (1()75). 

See 1)i~z~:, ]971, 15o-152. 
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but  Errs = 1, and Z~szs = E ( Z )  = 
m a 

\ ,  A + 1 )  

Z . . ,  P ~  = 1 4 + D  - ' = 

Another  interest ing relation is: 

D, a n d  SO 

Z 7.1~8. 
i 

(11) E z p o ,  is = Z Z rcO,~s = o. 
• a ~ 4 

I t  resumes the fact tha t  neither mone ta ry  sums nor inner values can be 
created or dest royed in the market  transactions, and it is then an obvious 
tautology.  For  a formal proof, change the summatioll  order, kee 1 ) Ps (or 

respectively rCs) independent  from i, sLtlll over z and remember  that  X Yes = o 

for all s. 

Obviously (l I) does not imply tha t  for any company" 

( 1 2 )  zX(i)  = .X., ( p ~ -  ~ ) y ~  = o . i = T . . . . .  ~.. 

It  is worth to analyse the left hand side of equat ion (12) as it gives us for a 
company  the difference between the total cost (market  value) and the total 
inner value of the covering received from the nmrket  transactions.  

Indeed if all t ransact ions could take place at a price equal to the lcleal fair 
price rcs, the total  market  value of the covering received must be equal to the 
inner value. 

5;o if the difference is negative we can say the company  has a propitiou> 
(strong) marke t  position, on the cont ra ry  positive sign means weak position 
(obviously this reasoning is meaningless in a uti l i tarian sense, as all companies 
have a ut i l i ty  advantage  from their operations, otherwise they would not engage 
in marke t  transactions).  

An interest ing result concerning this point is that ,  as we shall see later, af ter  
some convenient  calculations exploiting relations (2) . . . . . . .  (5), we succeed 
in writ ing down the left hand side of (12) without  an3, reference to price or 
quanti t ies  of equilibrium, but  in terms of nothing but  the risk situation of the 
companies prior  to the marke t  t ransact ions;  more precisely in terms of the 
residual capaci ty  and the variance of the distributions of the single and 
accumulated claims. 

0. THE M:\I,IKI£T POSITION OF A COMPANY 

Concerning the question raised at the end of the last chapter ,  we shall prove in 
appendix A that  the following relation holds for any company:  

A var (X~) -  .'1~ vat  (Z) 
I1,. (r3) A(/) = (p .~-  r:s)3'is = (.4 + 1))~ + vat  (Z) 
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The sign of the above expression is the one of the numerator ,  so that  (13) 
is t)ositive if and only if A va t  ( X t ) - A t  var (Z) > o. 

As all factors here are positive, this is equivalent  to say tha t  1)ositivity holds 
in case : 

var (X d A ; 
(14) v a r ( Z )  > .4 i = l , . . . , n  

v a r  (X~) v a r  (Z) 
> I" = 1 . . .  ' l l , .  

( 1 5 )  .4~ A ' ' 

Now t)ositivity of A(i) means weak position on the market  for company  i; 
then (14) and (J5) say explicit ly tha t  in an ideal marke t  for cont ingent  coverings 
a weak position of a COlnpany follows from relatively high values of the ratio 
var ( X i ) / A ,  in comparison with the "marke t  ra t io"  va t  (Z ) /A .  

In turn high values of the above ratio could derive either from (relatively) 
high variance of the c o m p a n y s  portfolio, or from (relatively} small residual 
capacity,  tha t  is high risk aversion (given the COlnpany's wealth, see foot- 
note 6). 

These results are not surprising and match very  well with intuit ive considera- 
tions. 

7" F I N A L  C O M M E N T S  

Let us spend in this final chapter  son-it words about  tim relation connect ing 
the theoretical questions examined in this paper  and the practical  reinsurance 
world. 

The results we found in the last chapter  could be seen as describing p re t t y  
well the essential features of a real reinsurance market .  In the real world 
indeed a small company  (likely with relat ively high risk aversion) which wants 
to reinsure big risks m his portfolio, is obliged to accept "unfa i r "  conditions to 
find covering by the big companies. This is exact ly  the rational ant icipat ion 
of our theoretical  model. 

So even if managers  of our companies do not think in terms of states of 
nature,  cont ingent  coverings and equilibria prices, an economic inodel under  
uncer ta in ty  of the type  int roduced captures quite likely some of the essentials 
of the real reinsurance world even if the prices do not seem to conform to the 
"ho l y"  principle of actuarial  equivalence. 

Another  point  is of great  pract ical  interest.  We found in t)ara 3 tha t  the com- 
pet i t ive equil ibrium gives rise to a si tuation tha t  corresponds to a quota  
t rea ty ,  described by  quotas  q, as in (5), and uncondit ional  side paymen t s  
W(i )  = E PsYi ,  = qtA - A i (see appendix B). 

J 

I t  is not  surl)rising tha t  both quotas  and side paymen t s  could be expressed 
explicit ly as functions of the risk si tuation of the companies wi thout  reference 
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to the equilibriuna prices and quantit ies (as war for expression (12)). Precisely 
it is (as proved in Appendix C): 

[A, + E(X,)] [A + E(Z)] + var (Xl) 

(16) qi = [A + E(Z)] 2 + var (Z) 

A var (Xl) - Al var (Z) + LAE(X,) - A+E(Z)J [A + E(Z)J 
(17) W(i) = EA + ECZ)I a + var (Z) - 

The relevance of this fact goes exceedingly over tins formal property. \;Vith 
formulas (16) and (17) at disposal it is no more necessary to think that  an 
equilibrium situation must be generated by a competitive market  of contingent 
coverings ; indeed the companies could well accept to sign a t rea ty  (or to accept 
an arbitral proposal for that) like the one described by (t6) and (17) without  
any recourse to market  operations " 

This way they  could reach the same situation generated by an ideal market  
for contingent coverings, but avoiding operational expenses and any  deviations 
from the cquUibrium point caused by errors or an), other "noise" factors. 

(18) \ ~  Y+s 

For the quan t i ty  

APPEN1)IX A 

, {~ ( z ,++ l )  ) 
\ '  CP+-~+)Y" = ~ \ ~ D -  - ~' y" = 

(r:szs - rcsD) (~+~+ 
A + I) - 2 ,  [x+~ - qiz~] • A + D  

m square brackets of (~8) is by (5) 

(A~ + X p+x~,) Axes - A~zs 
( x , s -  q+zs) = x , s -  zs" 

(A + X psz+) A + Z pszs 
• a 

then (6) becomes 

('9) 

Now it IS: 

A + ~ p+zs 

(,4 x u  - A ~z+) 

Z ,  (A + "2 p+z~) 
# 

(r:+zs - r : . D )  

(A + D) 

A ~ + A D + A Z =szs + Z r:sz28 
( A  + z . )  . . 

= A +  , Zs=, ( A + D )  A + D  

A : + 2 A D + E ( Z  2) ( A + D )  2 + var (Z) 

A + D  A + D  

0 5 ' [oreover  t t  c o u l d  be  s e e n  t h a t  t h e  a b o v e  t r e a t y  is P a r e t o  e f f ic ien t ,  so  t h a t  i t  
r e p r e s e n t s  a p o i n t  of  co l l e c t i ve  r a t i o n a h t y  M ore  d e t a i l s  on P a r e t o  e f f l e m n t  t r e a t i e s  m 
BORCH (1060) 
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Subst i tut ion in (19) give~,: 

(2o) N" ---('4 x~, -  Alz~) (=~z , -  =J ) )  
.L, (.4 +D)~  + var (z) 

Let us consider the numerator of (2o)' 

( A x i s -  Alas) (r~sz~ -rcsD) = .4E(X~Z) - A~E(Z=) - A E ( Z ) E ( X , )  + A¢D~ = 
I 

= A r E ( X , Z ) - E ( X , ) E ( Z ) ]  - A,  var (Z). 

Now the quan t i t y  in square brackets  is coy (X~, Z) and it is easy to see that ,  
provided Z = X -:~t and independence of the X~, coy (X,, Z) = var (X,) 
holds. 

Then we have" 

( P s -  xs)y~ = 
l 

A var (X¢) -  A, var (Z) 

(A + (z) O.E.D. 

I t  IS 

API ' IZ .NDIX I~ 

w ( i )  = "~ Psy~, = x p , ( x , , - q , z , )  = 

A x i s  - A lzs 
(21) "Q" Ps" - " (see Appendix A), 

A + X p~z~ 

sum and subt rac t  the same quan t i ty  A, in (21)" 

A Z p s x ~ s - A t  Z pszs A Z p s x l s + A A ,  

A + X p , z ,  + A , -  A¢ = A + X psz ,  
a a 

A t + Z psx,s 

A "  A + X pszs A~ = q~A - Av  Q.E.D. 

- A t =  

I t  i s  

( 2 2 )  qt - 

A P P E N D I X  C 

a¢ + Z psx~s A~ + Z p ,x , ,  
L • 

A + X p s z 8  (A + D )  2 + var  (Z) 

• A + D  

(see Appendix A). 
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As for the  n u m e r a t o r  of (22) we h a v e :  

"~ ( A__j_~) A EnsX,s+ 

A ~ + ~ r:S" A + X~s = A ~ + A + D - 
e 

A,A + A.zD + AE(X,)  + E(Xi, Z) 

. . . . .  . g + D -  

h i  case of i ndependence  of X, ,  Z, we have :  

E(X~, Z) = coy  (Xl, Z) + E(Xt)E(Z) = var  (X d + E(X,)E(Z), 

so t h a t  (23) becomes :  

AiA + AtD + A E ( X  d + E(XdE(Z  ) + var  (X d 

A + D  

and  (22) t h e n :  

and  (16) i s  p roved .  

[At + E ( X d ]  [A + E(Z)~ + var  (X d 

( A + D )  2 + v a t  (Z) 

To der ive W(~) we recall a p p e n d i x  B a nd  the  fo rnmla  for  q,, just  p r o v e d  and  

ob t a in  : 

{EA, + E(Xd3 [A + E(Z)]  + v a t  (Xd} 
W(i) = (A + D) 2 + v a t ' ( Z )  - - -  A - A ,  = 

=A~A"-- A~AE(Z) + AeE(X,) + AE(X,)E(Z) + A  var  (X,) - A , A  "2- A,DO-- 
- 2 A , A E ( Z ) - A ,  var  (Z) 

( A + D )  2 + va t  (Z) 

Af ter  some e l e m e n t a r y  m a n i p u l a t i o n s  on the  n u m e r a t o r  we o b t a i n :  

A va r  ( X , ) - A ,  var  (Z) + [ A + D ] [ A E ( X , ) - A i E ( Z ) ]  
W~ = - -  . . . . .  

( A + D ) 2  + v a r ( Z )  
Q.E.D. 
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