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The concep t  efhcmncy of a bonus-malus  sys tem wins defined, appa ren t l y  
in a lo ta l ly  di f ferent  way, consecu twe ty  by  l .o imaran ta  (I972) and l .emmre 
(r975, t976). In this paper  we s t a r t  with a more general model t h a t  leads us 
to a defhmtlon of efficmncy tha t  conta ins  both earhcr  ones as specml cases 
F u r t h e r  we in t roduce  the  d e h m t i o n  of eff iciency over  a finite p lann ing  
horizon and consLdcr the effmmncy not only  for a single risk bu t  also for the 
ent i re  r~sk group As a consequence  of our approach  we can also generahze 
the concepts  excess p r c m m m  and centra l  value as they  were in t roduced by 
l.Olmaran t;i 

z. THe: BONUS-MAI.US SYSTEM AS MARKOV CHAIN 

The basis of a fair tar if icat ion in insurance,  in our case moto rca r  

insurance,  consists in the fact  tha t  each policyholder  is charged a 
p remium tha t  is propor t iona[  to the  risk tha t  he ac tua l ly  represents .  
This risk is de tc rmined  by  a grea t  num ber  of risk factors. Some of 
them,  such as type  and use of the car, can be taken into considera-  
tmn a priori for the rat i f icat ion and they enable  us to split  up the 
heterogeneous col lect ivi ty  of risks into a n u m b e r  of risk groups 

which have  a more homogeneous  risk s t ructure .  Other  factors  
cannot  be taken into account  a priori since they are too difficult 
to observe,  or for social and  psychological  reasons, or just  because 
one doesn ' t  know all the factors which influence the risk. Due to 
these factors there will still be accident  proneness differentials  
within a risk group. In  the course of t ime these differentials  will be 
reflected by  the individual  claim experience of the risk. Therefore  
one can bring into account  a posteriori  the earher  neglected risk 
factors  by means  of an individual exper ience ra t ing method ,  such 
as a bonus-malus  sys tem.  

From a point  of t ime t = o wc consider such a risk group in 
which the tar if icat ion is based on a bonus-malus  sys tem tha t  is 
de te rmined  1)y the following factors.  
- -  The length of an insurance period is i, which means  nothing 

else than  tha t  the length of a period is chooscn as unit of time. 

The  n u m b e r  of classes is n. 

- -  The  p remium which a risk of c l a s s j  has to pay  at the m o m e n t  l 
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to be insured for the 1,eriod [1, t + z [is b,(j); j ~ [z . . . . .  n.}, t 
0, I ,  1 • , . ~ ,  

- -  The initial class in which a risk is placed at t = o is tile class s. 

- -  The  t ransi t ion rules are given in the form of probabi l i t ies  hi(k)" 
i , j  z{I . . . . .  u}, k a{o, I . . . .  }; where tij(k) = I if a risk of class i 

moves  to class j when k claims have  occurred in the pas t  period, 
and  ltj(k) = o if such a ' r i sk  goes to a class different from j. In 
order tha t  the t ransi t ion rules be complete  and free of contra-  
dictions we mus t  h a v e '  for each (i, k) there is one and just  o n e j  
so that / is(k)  =- I. 

\Ve assume tha t  the accident  proneness of a risk of the considered 
risk group can be repl-esented by  a risk p a r a m e t e r  X, which is tile 
claim f requency  of the risk, i.e. the expec ted  n u m b e r  of claims 
per period for tha t  risk• The value of tile risk p a r a m e t e r  is regarded 
as a realization of a r andom var iable  A, whose dis tr ibut ion function 
U(X) represents  tile risk s t ruc ture  of tile group. We take  tha t  the 
value of tile risk p a r a m e t e r  is independent  of time. Fu r the r  we 
assume tha t  for a given risk 7, the random var iables  which give the 
n u m b e r  of claims for tile successive periods arc lnutual ly  indepen-  
dent  and  identical ly d is t r ibuted  with common probabi l i ty  dis tr ibu-  
tion ~bk(k), which depends explici tely and uniquely oil the t)ara - 
mete r  X. 

These assumpt ions  pernli t  us to describe the evohlt ion of a given 
risk through tile honus-mahis  sys tem by  a Markov chain with 
cons tan t  t ransi t ion matr ix .  The 1)robability ,(t) y o  (k) tha t  a risk k 
which is in tile class i will be in tile class j ! periods later,  is given 
by the rectirsion formula  

i p~s(x) = x p,.(x)~j(/e) (~.a) 
t o 

/ (t) % (k)=  z /~r(X) t'~-~ 1)(x) ~ =  2, 3 . . . .  (r.lD 
• i 

2. THE EFFICIENCY Of A BOXUS-MaLUS 5YSTES~ 

One notices tha t  eacl~ coun t ry  and in some countries even each 
insurance c o m p a n y  has its own t)onus-malus system. However  all 
this sys tems  have  the same 1)urpose, viz. to come to a fair tariff- 
cat ion by adjus t ing  the p remiums  of each individual  policyholder  as 
good as possible to the risk tha t  he ac tua l ly  represents.  To measure  
how good a sys tem fulfils this requi rement  the concept  efficiency 
is in t roduced 
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\Ve denote  by X:(X) a random variable tha t  gives the discounted 
value of all premiums that  will be paid by a risk k in the time inter- 
v a l  [0, ~[, ~'g{I, '2 . . . .  }. 

T h e s e  p r e m i u n l s  are  t he  ones p a i d  a t  t h e  n l o m e n t s  o, x , . . . ,  ~. - -  I ; 

where the premiunl at a lnoment  l equals bt(j) if the risk is in class j 
at the n loment  t, and is zero if the risk has by that  t ime left the 
system. The expectat ion E[X~(X)] of the discounted value of these 
premium payments ,  which is determined by the used bonus-malus 
system, can be called the bonus-real.us premium for a risk k in 
io, z [ .  B y  Y:(X) we denote  a random variable tha t  gives the dis- 
counted value of all claim costs of a lqsk X in [o, z [ .  The expectat ion 
E[Y~(X)] of the discounted vahic of these claim costs ret)resents the 
risk premz,um for a risk X in [o, v [. 

To verify how good the prenaium of a certain policy holder 
corresponds with the risk tha t  he represents we measure the sensi- 
bility of the bonus-malus l)remium I) 3 , changing risk premium. 

d,E[Y¢(X) ]  . 
Therefore  we compare  a relative variat ion E[Y,(X)] in the risk 

d~[x,(x)] 
prenlltlrll with the relative variat ion E[X.~(X)] in the bonus-mahls 

premium tha t  it implies. By  definition we call efficiency of a bonus- 

• malus syslem for a risk X in [o, "r[ the ratio of these two quant i t ies  

dE[X~(x)] 
E [ X , ( z ) ]  d l , ,  E [ X ~ ( x ) ]  

<.(x) - - (2) 
dE[Y:(X)] d In E[Y:(Z)] 

ELY&)] 
Tim efficiency in [0, v[ is thus the elasticity of the bonus-malus 

premmln in [o, c[ with respect to the risk premium in [o, ~[. P u t  
into words this means tha t  for a risk X a variat ion of I %  in the 
expectat ion of the discounted clairn costs in [o, ,r[ causes a variat ion 
of G(X)% in the expecta t ion of the discounted premium payments  in 
[o, < .  

\Vhen we take in (2) the limit for ,r---- co we get the efficiency in 
[o, co [, viz. 

e(x) = Um ~ ( x )  (3) 

A first analysis of the definition of efficiency enables us to make 
the following observat ions 

A reasonable bonus-malus system got to have a separat ion effect, 
so tha t  in an averagc sense good risks pay lower premiums than 
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bad ones. This means tha t  the relat ive var ia t ions  in bonus-nlalus 
and risk l~remiunl got to have  tile same sign, so tha t  for each (X, "r) 
holds e~(X) >_ o. 

The hmi tcase  of a bonus-nlalus sys tem ill which the honus-malus  
t~remium in [o, .:[ remains  the same for each risk, corresponds with 
e~(X) = o for each X. "fhis case shows up during the first period when 
each risk is in the initial class, so tha t  we have  el(X) = o for each X. 

The ideal case m which for each risk and for each in terval  the 

bonus-malus  p r em i um  equals the risk p remium corresponds with 
e:(),) = z for each (X, .r). In par t icu lar  e(X) = I corresponds with an 
a sympto t i ca l  correct tar i f icat ion for a risk X. The condit ions of an 
1deal sys tem can in general  never  be met.  

In pract ice  a relat ive increase in the risk p r e m m m  wd.1 general ly  
cause a smaller  relat ive increase in the bonus-malus  premium,  

which means  tha t  the good risks have  to pay  for the bad  ones. 
In general  e:(X) will thus lie between the values zero and  one. 
Theoret ical ly  we can have  e,(X) > z but  such a case of overeff iciency 
in which an increase in the expec ta t ion  of the claim costs is more 
than  compensa t ed  by the increase of the exl)ectat ion of the p remium 

p a y m e n t s  is rare ly  found. 

Because of : 

E[X,(X)] > o , E[Y,(X)] --> o for X --> o (4) 

E[X~(X)] bounded,  E[Y:(X)] ->  co for X ~ co 

We have  in general  tha t  for each v: 

lim e,(X) = o and  lim e,(X) = o (5) 

Geometr ica l ly  the def in i t ion-formula  (2) can be in te rpre ted  in the 
following way 

ELY,(X)] dE[XdX)] tg~ 
e , ( x ) -  E[X,(X)] dE[Y,(X)] --  (6) 

So far tile efficiency was defined for a risk with given and known 
risk p a r a m e t e r  X. The  assumpt ion  t ha t  the risk p a r a m e t e r  is known 
is useful for the deve lopmen t  of the theory  but  is never  fulfilled 
in practice.  On the other  hand the dis t r ibut ion funct ion of the risk 
pa ramete r ,  viz. the s t ruc ture  function U(X), is more likely known, 
so tha t  it is na tura l  to define the efficiency over  the considered risk 
group. We call efficiency oJa bonus-mal,ts system over a given risk 
group in [o, -r[ the expression" 

e, = I e,(X) dU(X) (7) 
A 
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E[X,(X)] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

f S• 

S • 

ff 
pl 

E[Y=(X)] 

and we get for v ~ co'  

= I e,(x) dU(X) (S) 
A 

This averaged efficiency over the risk group enables us to com- 
pare the different bonus-malus systems in an objective way. 

Fur the r  we notice that  in our definition of efficiency we could 

also take into account  the so called "bonus-hunger  effect" (cfr. 
Lemaire). This can be done by changing the definition of X,(X) 

and Y:(X) in an appropria te  way. 
Finally we remark that  our concept of efficiency is not only 

valid for bonus-malus systems but can be applied to other ext)crience 

rat ing systems. 

3- CALCULATION OF THE E F F I C I E N C Y  UNDER I ) I F I r E R E N T  ASSUMP- 

TIONS CONCERNING THE R i S K  PROCESS. 

3.I. We consider a risk X which is placed in class s at  t = o and 
assume that  at the end of each period, this risk call rather take an 
insurance for the next period or leave the system. 13 3, wt(X) we 
denote the probabi l i ty  that  the risk X is insured for the period 
It, t + r [. We take that  a risk X which left the system cannot  re- 
enter it, so tha t  Wo(X) = I > wl(X) > w=(X) > . . . .  Fur the r  we 
suppose that  the average cost of a claim is independent  of the 
number  of claims and we denote by Ct(X) the average cost of a 
claim for a risk X in the period [t, t + I [. Finally we denote I)3: 

13 ~ I a discount factor. 
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Under these assumpt ions  we get for tim bonus-malus  p remium of 
a risk X in [o, v [" 

E[X,(X)] = .E ~tzvt(X) Z p~}) (X) bt(j)with p(s~ ) = 8,, (O) 
t tl ] I 

and we have for the risk prelnium 

E[Y,(x)] = z x ~t+~wdx ) c,(x) 
l 0 

(lO) 

Using these formulae the efficiency can in principle be calculated.  
However ,  addit ional  assumpt ions  concerning the earlier ment ioned  

e lements  of the risk process seem desirable in order to come to a 
more manageab le  expression. 

3.2. We suppose now tha t  for each period [l, 1 + I [, both  the 
probabi l i t ies  wdX ) and the average  claim costs Ct(X) are the same 
for all risks of the considered risk group, this is tha t  they  are in- 

dependent  of the p a r a m e t e r  X. 

Under  these assumpt ions  formula  (2) is reduced to 

dEEX~(X)3 X 
~,(X)-  E[x , (x) ]  dx (1~) 

More explicit ly we have 

dX bt(J) 
(x) .... ' ' 6: "~ :-72( 

X 
t , , n  / i 

( i2)  

-- ~ L--Z-- #~-')(x) + p,~(x) 
• i 

We remark  tha t  in the case tha t  the n m n b e r  of claims is Poisson 
dis t r ibuted fornmla  (13.a) becomes 

dPo(X) e -~ 
dx - -  ~ i  %(k  + ~ ) - - t o ( k ) ]  (141 

/~ , ,  tl 

m 

dX 
¢ 

dZ 

d6(t - t) 1 rrJ  (X). (i3.b) 
J dZ 

where the der iva t ives  are de te rmined  by  tile recursion formula  

i dP~ (~) 2 dP3(X! 
, o dX If(k) (I3.a) 
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3.3. Moreover we make  an assumption concerning the evolut ion 
in t ime of the premiums bt(j)  and the probabili t ies w t. We assume 
tha t  the premium of each class will increase with the same per- 
centage for each period, this is bt(j)  = ~tbj with bj = bo(j) the value 
of the premium of class j at constant  price and ~. > I the price 
index of premiums.  Fu r the r  we assume tha t  the p robab i l i ty  to 
leave the system at the end of a certain period is independent  of 
the considered period and equals p, this means  w t = ( I - - p ) t  
where p~[o, i] is the rate  of exit. We shall pu t  0 = } ~ ( 1 - - 9 ) ,  
in which we take that  0 < I what  is satisfied in pract ical  cases. 

Final ly  we suppose tha t  the Markov chain which is associated 
to the bonus-malus system is regular. Then the limit probabili t ies 

aj(X) liln (t) = Psj (X) (I5) 

exist and are independent  of the initial class. Th ey  are uniquely  
defined by the system of equat ions 

aj(X) = Z a,(X) p,j(X) (16.a) 
t , , 1  

n 

aj(X) = I (I6.b) 
1 = 1  

Under  these assumptions equat ion (9) is reduced to 

E [X,(x)? = X 0 ~ ~ p ~ ( x ) b j  (17) 
t ,  o 1 , , 1  

and if we pu t  

we get 

E [x , (x ) ]  = 

We remark  tha t  

n 

b(x) = x aj(x) bj ( i8)  
t , , l  

~ - - t  n 

gs , : - l (X)  = Z 01 Z r~(t) ~ . j  (x) - -  aj(z)] bj (I9) 
t . o  t . , x  

I - - 0  ~ 
b(x) + g., ~_,(x) 

-~b(x) + g., ,_,(x) 

0 < I (20.a)  

0 = I (20 .b)  

E[X,(X)] I o 0 < I (2I.a) 

,_+® -r aj(X) bj 0 = I (2I.b) 
t -  
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so tha t  b(X) represents  

per period in the case 

for a risk X the limit value of the premium 
I 

0 = z. (e.g. a = ~ , p  = o). 

The  first t e rm in (20) is the discounted expectat ion of the premium 
paymen t s  in [0, -r [ for a risk X in the case tha t  the premium to be 
insured for the period It, t + I [ equals b(X)a t, irrespecUve of the 
class in which the risk is placed at the moment  t. The second term 

gs,~_~(X) represents  the discounted expectat ion of the ext ra  
premium (positive or negative) tha t  has to be paid in [0, "r [, since 
the premium tha t  a risk X has to pay  to be insured for the period 
[t, t + I [ isn ' t  b(X)a t bu t  bj0~ t, with j the class in xvhich the risk is 
placed at the momen t  t. This correction term depends on the initial 
class s and gs, ~- ~(X) is called the excess premium of the class s for 
a risk X in [0, "r [. The advantage  of the int roduct ion of the excess 
premiums lies in the fact tha t  they  simplify to a great  ex ten t  tim 
calculation of E[X,(X)] and thus of e~(X). I t  is easy to ver i fy  tha t  for 
the excess premiums the following recursion formula is valid 

g,,o(X) = bt - -  b(X) (22.a) 

tt  

g,,,(X) = b, - -  b(X) + 0 E p0(X) gj,~_l(X) -r = I, 2 . . . .  (22.b) 

so tha t  it is no longer necessary to calculate ~ l(Z) from (19), 
b S , T  - 

which would require the pre l iminary computa t ion  of all appearing 

8J" 

Fur the r  we have  tha t  for each (X, "r) the following relation hold. 
n 

X a,(X) g,,,(X) = 0 "r = o, I . . . .  (23) 

According to (II)  and (2o) we get then for the efficiency in [o, "r[ 

e & )  = 

ab(x) ag, ._ l  (x) 
(i  - -  0") + ( i -  0) ax 

X (I - -  0 ") b(X) + ( I - -  0) gs,~_~(X) 0 < I (24.a) 

ab(x) 
-r + dX 

X 0 = I (24.b) b(x) + g , , ,_ l (x)  

where b(X) can be calculated from (I6) and (I8), while gs.~_l(X)is 
given by  (22) in which (23) is useful for control  purposes. 



BONUS-MALUS SYSTEM 6 7 

n 

The derivative dX -- ~ bj can be computed from the 
] ' ' I  

system of equations obtained by derivating (16) 

dx - 2,.it dx p~j(x)+a~(x) dX 1 

{ 2  da'(x) dX -- o 
] - , 1  

whereby the der ivat ive  of p,j(X) is given by (I3.a) or (14). 

(25.a) 

(25.b) 

Final ly the derivative of gs,,-t(X) is determined by the recursion 
formula 

dg~, o(X) db(x) 
- -  (26.a) 

dX dX 

rig,.#/ rib(x/ dg , (x/] 
& - & + o gj.,_dx) + p~(x) ~ 

L dx 
t - I  

= I, 2 . . . .  (26.b) 

and the controlling equations (23) become 

L dX g,,,(X) + a,(X) = o • = o, I , . . .  (27) 
f . , l  

To calculate the efficiency in [o, co [, we first extend the concept 
excess premium to [o, co 

t t  

gs(X) lim gs., (X) £ 0 ~ N (t) = = [P*I (X) - -  aj(X)] bj (28) 
T'-"-~" ~ l , , 0  J ,  t 

Since the 2dt) rs~ (X) converge geometrically fast to the limit proba- 
bilities aj(X) the series (28) is absolute convergent.  When we take in 
(22.b) and (23) the limit for "r-+ co we get the following system of 
equations for the excess premiums in [o, co [ of the different classes 

n 

I g,(X) = b, - -  b(X) + 0 X p,~(X) gj(X) (29.a) 
J - I  

£ a,(X) g,(X) = o (29.b) 
t , , l  

We remark that ,  in this system of n + I equations in n unknown,  
for 0 < I the equation (29.b) is a consequence of the relations (29.a), 
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while for 0 = I (29.b) is independent  of (29.a) but  in this case we 
have tha t  the relations (29.a) are linear dependent .  

In an appendix we shall prove tha t  the g,(X) are determined in an 
unique way by  the system (29). 

For  the efficiency in [o, oo [ we have now 

db(x) age(X) 
ax + (~ - -  0) d---~- 

X - -  0 < I (3o.a) ~(x) = b(x) + ( ~ -  o)g~(x) 

x db(x) 
0 ---- I (3o.b) 

b(x) dx 

in which gs(X) can be calculated from (29), while its der ivat ive is 
de termined  in an unique way (cfr. appendix) by  the system of 
equat ions 

age(X) ab(x) 
dX dx + 0 2 gj(X) + p~j(x) dx 1 

t '  1 

2 eg,(x)] I. dx g~(X)+ at(x) dx .i = °  

(3I.a) 

(3I.b) 

So we find as a special case (3o.b) the definit ion of efficiency 
given by  Loimaranta .  

4. THE CENTRAL VALUE 

We consider the equat ion 

E[X,(X)] = E[Y,(X)] (32) 

which expresses the equal i ty  between the bonus-malus premium 
and the risk premium for a risk X in [o, -~ [. Because of the relations 
(4) equat ion (32) has at least one solution ~ .  We call a solution 
X,* of (32) a central value of the bonus-malus system in [o, -r [ .  

We assume now tha t  wt(X) and Cdx ) are independent  of X and we 
shall show tha t  the central  value in [o, -r [ is unique if e,(X) < I 
for all X. 

From ( I I )  We have 

dln E [X,(X)] = e,(X) dlnX 
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which  gives  if we i n t e g r a t e  wi th  X~ as in i t ia l  va lue  
k 

= E[X,(X,)]  e . 

where  

x_* 
r * ~ [ x , ( x : ) ]  = e [Y , ( ;C) ]  = g E [ y , ( x ) ]  

so t h a t  

I i '  [t-e'(X)l atnz E[Y,(X)] e X < X.~ (33.a) 
E[X,(x)]  = ~ 

( E[Y, (X) . ]  e - z~ {t-e,(x)l at,,), X > X,* (33.b) 

I f  e,(X) < I for  all X we h a v e  t h u s  t h a t  X~ is un ique  a n d  t h a t  

> 
E[X,(X)] ~ E[Y,(X)] if X -~> X.* 

N o w  we m a k e  some  a s s u m p t i o n s  t h a t  will p e r m i t  us to r ewr i t e  
e q u a t i o n  (32) in an easier  form.  As in sec t ion  3.3- we a s s u m e  t h a t  
bt( j )  = odb~, wt  = ( I - - p ) t  a n d  0 < I,  where  0 =  ~ ( I - - p ) .  
F u r t h e r  we a s s u m e  t h a t  the  evo lu t ion  in t i m e  of the  a v e r a g e  c la im 

cost  can be g iven  in the  f o r m  Ct(X) = y tC ,  w i t h  C = Co the  a v e r a g e  
cost  a t  c o n s t a n t  p r ice  a n d  ¥ > I the  pr ice  index  of c la ims.  H e r e b y  
we p u t  ¢ - -  t3y (I - - p )  a n d  t a k e  t h a t  ~ < i .  T h e  cen t r a l  va lue  in 
[o, z [, X;, is t hen  the  so lu t ion  of the  e q u a t i o n  

' T - - I  " C - - 1  

b(x) Z 0 t + g~,,_~(x) = xC Z ~ (35) 

bs 
I n  p a r t i c u l a r  w e  h a v e  t h a t  X~ - -  C " 

We call c en t r a l  va lue  in [o, oo [ 

X* = lira X~ (36) 
T - - - + ~  

a n d  we d i s t ingu ish  the  fo l lowing cases.  In  t he  case  0 < I ,  ~ < I 
we h a v e  f rom (35) t h a t  X* is the  so lu t ion  of the  e q u a t i o n  

b(X) XC 
+ g,(X) - -  (37) I - - 0  I - - ~  

F o r  0 = I ,  ¢ < I we h a v e  t h a t  X* ~ oo, whi le  for  0 < I ,  ~ = 
i ho lds  X* --> o. F i n a l l y  in the  case  0 = , = I we o b t a i n  t h a t  X* is 
the  so lu t ion  of 

b(X) = ZC (38) 
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The solution of this last  equat ion corresponds with the concept  
cent ra l  value as in t roduced  by  Lo imaran ta .  

5. APPENDIX 

We shall p rove  tha t  the  sys tems  (29) and  (3I) of n + I equat ions  
in n unknown have  an unique solution. 

5.1. We m a k e  use of the following two lemmas,  in which o 
denotes  the zero m a t r i x  and  I the unit  mat r ix .  

Lemma i 

I f  Q is a square  m a t r i x  and  Q~ tends  to 0 as k tends to infinity,  
then 

det ( I -  Q) -~ o 

and ( I -  (2) = : + Q + + . . . .  x 
k , . o  

Proof  

see e.g. K e m e n y  and  Snell p. 22. 

Lemma 2 

If  to the x- th  row (column) of the blocks of a par t ioned  ma t r ix  

Q we add the  y- th  row (column) mul t ip l ied on tile left (right) by  a 
rec tangula r  m a t r i x  R of the  corresponding dimensions,  then ttle 
rank  of Q remains  unchanged  under  this t r ans fo rmat ion  and,  if Q 
is a square  mat r ix ,  the de t e rminan t  of Q is also unchanged.  

Proof  

see e.g. G a n t m a c h e r  p. 45. 

We in t roduce the following m a t r i x  nota t ions  

A : I x n m a t r i x  with e lements  ai(k) 
B : n × I m a t r i x  wi th  e lements  bt 

G : n × I m a t r i x  wi th  e lements  g,(k) 
P : n × ,Jr m a t r i x  wi th  e lements  psi(X) 
E : n x I m a t r i x  with all e lements  equal  to I 
D = b(X) E : n x I m a t r i x  wi th  all e lements  equal to b(X) 

M = E A  : n × n m a t r i x  whose rows are all identical  and  equal  
to A 
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According to (I5), (16) and (18) we have then 

lira P e  = M 
/C'-'+o 

A P  = A, AE  = i 

AB = b(X) 

5.2. We now prove that  the system (29) has an unique solution. 
In mat r ix  nota t ions  this sys tem 1)ecomes 

t ( O P -  I)G = D -  B (39) 
t A G = o  

The necessary and sufficient condit ions for an unique solution are 

rank [ O P ~ I ]  = n ,  det [OPA-- I  D ~ B ]  

According to lemma 2 we have  

= 0 (4 0) 

following t ransformat ions"  

= det [ 0 ( P - - o M ) - - I  

= det  [0 PT, , o B] 
D r a b  

- - A  [ 0 ( P - - M ) - - / ~ - ~  ( D - - B )  

= - - A  [0(P - -  M) - -  /~ -~ (D - -  B). det  [0(P - -  M) - -  I] 

We have now 

- -  A [ 0 ( P - -  M) - - / ] - ~  = A [ I - -  0 ( P - - M ) ] - t  

= A E [ 0 ( P - - M ) ]  k 

rank 1 =rank [0,P ;, ,] 
where we have subst racted from the first row the last row multi-  
plied on the left by  0E. Since for each power q holds M q = M we 
have (P - -  M) k = .P~ - -  M. F rom lira ,P~ = M it follows then tha t  

lira [ 0 ( P - - M ) ]  t~ = 0 for each 0 < I and we have  tha t  
k'-¢'~ 

det [ 0 ( P -  M ) -  [] ~ o according to lemma I. This shows tha t  
the coeff icient-matr ix has rank n. 

To prove tha t  the de te rminan t  in (4 o ) is zero we make  the 
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= A [ I  4- Z 0~ ( P Z - - M ) ]  
k '  1 

= A + ~ Ok A ( P ~ - - M )  
k , 1  

= A  

with A ( D -  B) = o, which comple tes  the proof. 

5.3. For  the sys t em (31 ) we have  

I ( O P - - I ) G '  = D ' - -  OP'G 
i AG' = - - A ' G  

where a quote  indicates der ivat ion with respect  to X. 

( 4 1 )  

The necessary and  sufficient condit ions for an unique solution are 

- O P - -  I]  "OP- -  I D' - -  OP'G] 
r ank  j = n, det  / = o (4 2 ) 

A a - - A ' C  J 

The first condit ion is the  same as in section 5.2. and  is thus 
satisfied. For  the  second condit ion we obtain  af ter  some t ransfor-  
mat ions  

- O P - - I  D ' - - O P ' G  
det 

A - -  A'G 

= { - - A ' G - - A [ O ( P - - M )  - - I ]  -1 I D ' - -  OP'G + OEA'G]}. 
det  [0(P -- M) -- l] 

The proof follows now from 

--A'C + AD'-- OAP'C + OA'C = --A'C + AD' + OA'PC 

= A '  [ ( 0 P  - -  Z)C + B] 

---- A ' D  ---- o. 
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