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I .  SUMMARY 

In var ious  b r an ch es  of apphed  m a t h e m a t i c s  the  p rob l e m anse~ of m a k n l g  
decis ions to reconcile c o n f h c t m g  cri teria.  One e x a m p l e  is the  c lassmal  
s ta t i s t i ca l  problem,  where  a type  i error c a n n o t  be a rb i t r a r i ly  reduced  
w i t h o u t  increas ing  the  prol)abfl l ty for a t ype  ~ error. A n o t h e r  example ,  
q m t e  f a m l h a r  to ac tua rms ,  ~s g r a d u a t i o n ,  where a c o m p r o m i s e  be tween  
s m o o t h n e s s  and  fit has to be reached  This  m o t w a t c s  the  concep t  of Pare to-  
op t ima l  demsions ,  which is ehscussed m set . tmn 2 There  is a s tmple  m e t h o d ,  
maxm~lz ing  a w m g h t e d  ave rage  of the  scores, to ob ta in  cer ta in  Pa re to -  
o p t m m l  decisions.  In ~ection 3 a condi t ion  Iq given,  which ~s sa t is f ied m 
m o s t  app[ ica tmns ,  t h a t  g u a r a n t e e s  t h a t  all the  Pa re to -op t ima l  decis ions 
can be found  b y  t lns  m e t h o d  Tins  is a p p h e d  m sect ion 4, where  the  p rob lem 
of risk e x c h a n g e  be tween  n i n su rance  COnlpames ~s considered.  The  original 
model  of ]3orch is generahzcd"  it  is a s s u m e d  t h a t  some  of the  c o m p a m e s  
are not  wi lhng  to c o n m b u t e  more  t h a n  'a cer ta in  f ixed a m o u n t  t ow a rds  
the  agg rega t e  loss of the  o the r  c o m p a n i e s  The  t heo re m in sect ion 4 gives 
a c h a r a c t e r J z a t m n  of all t he  P a r e t o - o p t m m l  risk e x c h a n g e s  Because of the  
res t r ic t ions ,  those  r isk e x c h a n g e s  do no t  j u s t  depend  on the c ombine d  su rp lu s  
(whmh would a m o u n t  to poohng)  in general ,  and  ~.an be found  by  an algo- 
r i t hm.  One  benef i t  of t ins  g e n e r a h z a t m n  of Bo rch ' s  T h e o r e m  is t h a t  two 
seeming ly  unre la t ed  resul ts  ( o p t m m l i t y  of a s top  loss con t rac t ,  and  o p t i m a h t y  
of cer ta in  d iv idend  fo rmu la s  in g roup  insurance)  follow f rom it as specml 
cases.  

2. EVALUATION OF DECISIONS UNDER CONFLICTING VIEW POINTS 

Often one is faced with the s i tuat ion  where  a decision has to be 
m a d e  in tile presence of several  criteria. Mathemat ica l ly ,  the prob- 

lem can be formulated  as fol lows.  
Let  D be the set of all possible  decisions.  We  are given n real- 

va lued funct ions  sl(d) . . . . .  s~(d), d ~ D. If d,, de e D and si(d,) > 
si(de), this means  that  decis ion dl is betler than (o1" at least as g o o d  
as) decision d2 with respect lo criterion i. Let 

.qd) = (s , (d)  . . . . .  s . ( d )  ), d ~ D (~) 

and 

S : { x / x =  s(d) for some  d ~ D }  (2) 

denote  the  range of the "score funct ion" s(") : D --+ R n. A decis ion 
d~ is said to be strictly better than a decis ion de, if sd& ) > st(do) 
for z, = I . . . . .  n, and if at least one of these  inequal i t ies  is strict, 
A decision d is called Pareto-opltmal, if there is not  a decision that 



26 GERBER 

is s t r ic t ly  be t te r  than  d. If  R is any  subse t  of R n, a point  x ~ R is 
called a Pa re to -op t ima l  point  of R if the intersection of R with Qz = 

{y /y~  > x , ,  i = i . . . . .  n} consists only of the point  x. Thus  a deci- 
sion d is Pa re to -op t imal ,  if and only if s(d) is a Pa re to -op t ima l  point  
of S. 

Under  fairly general  condit ions (for example  if S is finite, or if S 
is a closed region tha t  is bounded  by  a plane whose normal  vector  
points  to the posi t ive 2n-tant)  one should obviously  chose a Pare to -  
op t imal  decision. However ,  we shall not discuss the question, w h i c h  

of the Pa re to -op t ima l  decisions should be chosen. 

E x a m p l e  r 

In a class of k s tudents  n quizzes were given during the term. Let  
st(d) denote  the score of s tudent  d in quiz i (i = I . . . . .  n, d = I . . . . .  

k). Who is the top s tuden t  of the class ? Thus  D = {I . . . . .  h}, and 

clearly the Pare to-opt i rna l  s tudents  (and only these) are candidates  
for this honor. 

E x a m p l e  2 

Consider tile following s tat is t ical  decision p rob lem:  Populat ion i 
has a p d f  f ( x ;  i) ,  i : I . . . . .  n. Given all observat ion ,  say X ,  the 
s ta t is t ic ian tries to name the under ly ing populat ion.  Thus  D con- 
sists of all " t e s t s "  (see [5] for example) .  I t  is convenient  to allow 
randomized  tests. Then a test  ~ is defined by ~ non-nega t ive  
funct ions pt(x) . . . . .  p n ( x )  with p t (x )  + . . .  + p n ( x )  = I for all x. 
This means  tha t  the s ta t is t ic ian,  having  observed X, will name 
popula t ion  i with p robab i l i t y  pt(X). Let  

sd~) = S p~(x)f(x; i) dx (3) 

be the p robab i l i ty  for a correct  guess if the observa t ion  originates 
from popula t ion  i, i = I . . . . .  n. Clearly, the s ta t is t ic ian wants  
to select a test  tha t  is Pa re to -op t imal .  

E x a m p l e  3 

Consider the W h i t t a k e r - H e n d e r s o n  Problem.  Given are m un- 
g r a d u a t e d  values,  say vl . . . . .  vm. A decision is the choice of m 
g radua t ed  values, u = (ul . . . . .  u~n). Thus  D = R m in this example .  

Let  

F ( u )  = "2 w d u ,  - -  v , )  °~ (4) 
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be a m e a s u r e  for  " f i t " ,  where  zoo, . . . ,  wm are  ce r ta in  weights ,  a n d  
let 

t l l  - • 

3'(u) = z (a~ud ~ (5) 
t 1 

be our  m e a s u r e  for  " s m o o t h n e s s " ,  where  z < m is s o m e  in teger ,  see 
[6]. H e r e  n = 2, sl(u) = - - . F ( u ) ,  s~(u) = - -  S(u),  a n d  we w a n t  to 
f ind  g r a d u a t e d  va lues  t h a t  are  P a r e t o - o p t i m a l  in th is  sense.  

T h e  m o s t  i m p o r t a n t  e x a m p l e  (at l eas t  as fa r  as this  p a p e r  is 
concerned)  will be d iscussed  in sec t ion  4. 

3. [-{OV,/ TO i~IND PARETo-OPTIMAL DECISIONS 

Cer ta in  P a r e t o - o p t i m a l  decis ions  can be found  by  the  fol lowing 
m e t h o d :  chose  n pos i t i ve  n u m b e r s  k~ . . . . .  k,,~ and  t r y  to m a x i m i z e  
the  l inear  c o m b i n a t i o n  

n 

E kisl(d), d ~ D. (6) 
I I 

For ,  if a decision cl has  the  p r o p e r t y  t h a t  t he re  are  pos i t i ve  con- 
s t a n t s  kl, . . . ,  kr~ such t h a t  

_< (7) 
t ,  i ~ .  1 

for  all d e D, it is o b v i o u s l y  P a r e t o - o p t i m a l .  

In  Example x a b o v e  this  m e t h o d  a m o u n t s  to ass ign ing  ce r ta in  
we igh t s  to the  n quizzes ,  a n d  (based  on this) to d e t e r m i n e  the  
s tuden t ( s )  wi th  t he  h ighes t  (weighted)  a v e r a g e  score. 

In  Example 2 let 

M(x) = nlax{k, f(k;  i)/i =: I . . . . .  n}, (8) 

a n d  let  ~ be a test ,  de sc r ibed  b y  pl(x)  . . . . .  Pn(x) '  such  t h a t  

p,(x) - -  o w h e n e v e r  k~f(x; i) < M(x),  (9) 

i = z . . . . .  n. T h u s  } cons is t s  of n a m i n g  the  p o p u l a t i o n  (ol- one of 
t he  popu la t i ons ) ,  for which  the  m a x i m u m  is a t t a i n e d  in f o r m u l a  (8). 

T h e n  if ~ is a n o t h e r  test ,  g iven  b y  p~(x) . . . . .  p,z(x), 

I [ , ,1  t ' ' l  

--< E I M(x)p,(x)  dx (IO) 
t ~ - t  

n 

= I M ( x ) d x  = X k~s~(~). 
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Hence  a test  8 of this form is Pare to-op t imal .  Note  tha t  t h e i n -  
equa l i ty  is str ict  unless 8 satisfies condit ion (9) too. 

In Example 3 the vector  g which minimizes &F(u) + k2S(u)) 
is found as the solution of a certain ma t r ix  equat ion,  see [6]. 

The question arises whether  all the Pa re to -op t ima l  decisions can 
be ob ta ined  by  this method.  In general,  the answer  is no. Consider 
E x a m p l e  i with a class of jus t  three s tudents .  Suppose the scores 

in 2 quizzes were (6, I) for s tudent  A, (3, 3) for s tudent  B, and ( I ,6 )  
for s tudent  C. Obviously,  all 3 s tudents  are Pare to -op t imal .  But  
only s tudents  A and C can be ob ta ined  by  the above  method.  

However ,  if S is a closed convex region, all the Pa re to -op t ima l  

points  and  decisions can be ob ta ined  by  this me thod :  if d is a 
P a r e t o - o p n m a l  decision, inequal i ty  (7) holds for all d e D, where 

(& . . . . .  k,,) is a vector  tha t  is perpendicular  to the (or a) plane 
tha t  is t angent  to S at  x = s(d). A convenient  way to verify con- 
vex i ty  of S is to show tha t  for any  two points  xo, x~ e S, the line 
segment  {x/x = rx, + ( I -  r)xo, o < r < ,} is conta ined in S. 
The va l id i ty  of this condit ion can be easily seen in Example 2: if 

80, 8t are  a n y  two tests,  def ine a test  ar (o < r < I), which consists  
of using 8z with p robab i l i ty  r and  ~o with p robabi l i ty  I - -  r. Then,  
by  the law of to ta l  p robab ih ty ,  

s~(a~) = rs , (a , )  + (1 - -  r)s~ (ao) ( I I )  

(i = 1 . . . .  , ~a). Hence  all the Pa re to -op t ima l  tests  are of the form 

(9), which is essential ly the content  of the le.mm~ of Neyman- 
Pearson, see [5] for example .  

Often it is possible to show the val id i ty  of the following condition 
(which m a y  hold even if S is not convex).  

Conditio~, C. For  any  two decisions do, d l e  D there is a family  
of decisions dr e D, o < r < I, such tha t  

s,(dr) >__ rsl(d,) + ( I -  r)s,(do) (12) 

for i = I . . . . .  ~z. 

If  S is closed and if Condition C is satisfied, all the Pa re to -op t ima l  
points  and decisions can be ob ta ined  by  the me thod  described at  

the beginning of this section:  Condit ion C implies tha t  the set of 
Pa re to -op t ima l  points  on S coincides with the set of Pa re to -op t ima l  
points  on the convex hull of S. In Example 3 the val id i ty  of Condi- 
tion C can be verified as follows. I f  u (°), u (~) are two vectors  of 
g r a d u a t e d  values 

Ct(i I (ulJ), . u(Jl/ . . . .  ,,, ,,./ = o , I ,  ( I 3 )  



RISK EXCItANGES 29 

set  u (r) = m~ (~) -}- (z - - r ) , u  (°). Then  one uses the  i nequa l i t y  

(ra q- (I - -  r)b) e < ra 2 + (t - -  r)bL o < r < i, (14) 

which is val id for a n y  two nunlbers  a and  b, to show tha t  

F(~t (r)) < rF(u (')) + ( 1 -  r) lr(~t (°)) (15) 
and  

S(,., ('~) _< rS(~, ('1) + ( ~ -  r).S'(~(°)). (~6) 

Therefore ,  all the  P a r e t o - o p t l m a l  g r a d u a t e d  sets are  o b t a i n e d  
by  the  usual  W h l t t a k e l - H e n d e ) ' s o n  p rocedure ,  i.e., min imiz ing  

k,F(u) + kzS('u.). 

4. THE PROBLEM OF RISK EXCHANGE 

Consider  n insu rance  compan ie s  whose  surp lus  at  the  end  of the 
yea r  will be X~ . . . . .  Xn ,  r e spec twe ly .  These  are n r a n d o m  var iables  
with known jo int  d i s t r ibu t ion .  The  decis ion to be m a d e  is the  
selection of a risk exchange .  A risk exchange  is best  cha rac t e r i zed  
by  its effect on the d i s t r ibu t ion  of the  surp lus  a m o n g  the  ~t c o m p a -  

nies. In  this sense a risk exchange  is a r a n d o m  vec to r  

Y = ( Y ,  . . . . .  Y , , ) ,  (17)  

where Y, shou ld  be in ter l ) re ted as the modi f ied  surp lus  of c o m p a n y  i 
at  the  end  of the  year .  Since the  c o m b i n e d  surp lus  before  and  af te r  
the  e x c h a n g e  is the  same,  we m u s t  have  

Y~ + . . .  + Y,, = X ,  + . . .  + X,,. (I8) 

We w a n t  to  al low for the  poss ib i l i ty  t h a t  some  of the  c o m p a n i e s  
are no t  willing to l)ay m o r e  than  a cer ta in  a m o u n t  t o w a r d s  the  
losses of the  o the r  companies .  For  this pu rpose  assume n c o n s t a n t s  
ca . . . . .  c,, with o _Gci _< coo. Then  o n l y  risk exchanges  are  ad-  

missible for which 

Yi ~ X,  - -  c~, i = 1 . . . . .  n. (I9) 

We shall exc lude  the  case where  c~ . . . . .  c~ = o, because  in 
t h a t  case on ly  the  t r iv ia l  "exchange"  (no exchange)  is possible.  To 
summar i ze ,  a risk e x c h a n g e  is a r a n d o m  vec to r  of the  fo rm (17) t h a t  

satisfies cond i t ions  (18) a nd  (19) wi th  p r o b a b i l i t y  one. 
To eva lua t e  the  d i f ferent  risk exchanges ,  a s sume  ,n u t i l i ty  func-  

t ions u~(x) . . . .  , un(x), - -  coo < x < oo. Suppose  t h a t  these func t ions  
are  twice d i f ferent iable ,  wi th  

,,;(.) > o, .,','(~) < o. (20) 

For simplicity, we shall also assume that at most one of these 
u t i l i t y  functions is l inear and that all of the others have the prop- 
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e r t y  t h a t  the i r  d e r i v a t i v e  decreases  f rom co to o as the  a r g u m e n t  
increases  f rom - -  oo to co. T h e n  a p r o b l e m  of the  fo l lowing t y p e  
has a un ique  so lu t ion :  g iven  a n u m b e r  X and  pos i t ive  n u m b e r s  
te] . . . . .  kn, f ind  n u m b e r s  z, . . . . .  zn such t h a t  

a n d  

kd4(zt) is i n d e p e n d e n t  of i (21) 

b y  s e t t i ng  

def ine  

yc~ (y[r~ ~1 (28) = , . . . .  Yn ) , o  < r  < I ,  

y~r) = ry~t> + (I - - r ) Y ~  °~. (29) 

Since y(0) a n d  yO)  sa t i s fy  (18) a n d  (I9) ,  it fol lows t h a t  y(r)  
sa t is f ies  these  condi t ions .  T h u s  y(r)  is a r isk e x c h a n g e .  Since the  
func t ion  u, is c o n c a v e  f rom below,  

~q(y~r)) >__ r~ , (y~l ) )  + ( I -  r)ui(Y~°)). (30) 

zl + . . .  + zn = X. (22) 

This  so lu t ion  z = (zt . . . .  , z,~) has  a g e o m e t r i c  i n t e r p r e t a t i o n :  it 

c o r r e s p o n d s  to the  po in t  on the  su r face  

F z = {x : (x~ . . . . .  xn ) / x  , = 2q(t,), t, + . . .  + t n = X} (23) 

where  the  t a n g e n t i a l  p l ane  is p e r p e n d i c u l a r  to the  v e c t o r  (kt . . . . .  
k~,). In the  case  of e x p o n e n t i a l  u t i l i t y  func t ions ,  

u,(x) = c¢,(I - -  e x p ( - -  x/~,) ), (24) 

where  Xl > o, . . . ,  xn > o, this  p r o b l e m  can  be so lved  expl ic i t ly .  
One  f inds  t h a t  

n 

z¢ = ~X + ~ ( l o g  k ~ -  Y., ~1 log kj), (25) 
/ t 

where  {3, = o~d(xl + . . .  + xn). 

I t  is a s s u m e d  t h a t  c o m p a n y  i is on ly  i n t e r e s t e d  in the  e x p e c t e d  
u t i l i ty  of its own surplus ,  

s t (Y )  = E [ u d Y d ] ,  (26) 

i = I . . . .  , n. In  this sense  we are  faced  wi th  the  p r o b l e m  of f inding  
P a r e t o - o p t i m a l  r isk  exchanges .  L e t  us ve r i fy  t he  v a l i d i t y  of Condi-  
t ion C in this case. I f  y(o), y ( u  a re  a n y  two  risk exchanges ,  

y(J)  (y~J), v ( l h  j = o , i ,  (27) 
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T a k i n g  e x p e c t e d  va lues ,  we get  

s~(Y (r)) > rsl(Y 0)) + ( I -  r)s~(Y~°)), (31) 

which  shows  t h a t  Condi t ion  C holds. Obv ious ly ,  S is closed,  so to 
f ind the  P a r e t o - o p t i m a l  risk e x c h a n g e s  it is e n o u g h  to choose  
pos i t i ve  c o n s t a n t s  k~ . . . . .  kT~ and  to t r y  to m a x i m i z e  

k : , ( Y )  = ~Z k~E[u,(Y,)]. (32) 
t , , I  I i 

I n  this  p a r a g r a p h  we shall  c o n s t r u c t  a risk e x c h a n g e  Y a n d  then  
ve r i f y  t h a t  i t  m a x i m i z e s  (32). Le t  

I (") = { I  . . . . .  n } ,  f ( o )  = ~.  (33)  

W e  def ine  r a n d o m  vec to r s  

Z (m) = (Zi m) . . . . .  Z I? ) )  (34) 

a n d  index  sets  I (m) a n d  j o , ~  as follows. F o r  m = I,  2, . . . set  

Z{ m) = X ,  - -  c, if i E j o .  - ,) (35) 

a n d  choose  Z{ "~), i ~ I (m-t), such t h a t  

kd4 (Z~m)), i s I (m- t~ is i n d e p e n d e n t  of i (36) 

T h e n  

a n d  

a n d  

X z ~ m ) =  X X i +  Z % (37) 
,(~-,) ~(.,- , )  fi,.-,) 

I("') = { # z ? "  > x ,  - -  q }  

j(m) = {i/z~'~) _< x ~  - -  q ) .  

(38) 

(39) 

press ions  in (36), one  can show t h a t  

(iii) M (re+l) > M (m) 

(iv) ~:4 (zW) -< M("> 
(v) kd4 (Zi m)) < i (") impl ies  Zi m~ = . X ~ -  q. 

N o w  let  Y = (Y~ . . . . .  -Yn) be  the  l imi t  of Z(m), m - +  oo. (Note  

F r o m  th~s recurs ive  def in i t ion  it fol lows i m m e d i a t e l y  t h a t  

(i) I (m) c I °n-'), f(m) ~ j(m-~) 

(ii) I (m) is not  e m p t y .  

F u r t h e r m o r e ,  if M (m) d e n o t e s  the  c o m m o n  va luc  of the  ex-  
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tha t  this limit is obta ined af ter  finitely m an y  steps; as a ma t t e r  of 

fact, .~ -- Z{~).) Observe that  Y is a risk exchange and has the 
following proper ty :  

Property B 

Let M = max{k,~,~ ( # , ) / i  = ~ . . . . .  n}. Then k,"~(Y0 < ~V[ 
implies tha t  ~'~ = X t - -  Q. 

We shall now compare  Y with an a rb i t ra ry  risk exchange Y = 
(Y1 . . . . .  Y . )  as follows: since the function ud" ) is concave from 

below, and since k tu ; (Y  0 < M implies tha t  Yl --> Yt, 

@'~(Yd -< ~ '~( '~)  + @'; (~) (Y~ - -  Y~) 

_< k¢,.¢(Yi) + M • ( Y l -  f"*)" (4 °) 

Thus 

and 

n 

X k ,u , (Y , )  __< X kc t i (Y l )  (41) 
t I I 1 

Ji 

Z k,E[l~l(Yd] < X k,E['u,(£zd]. (42) 
t 1 i t 

Fur thermore ,  the last inequal i ty  is strict unless Y = ~" (almost 
surely). Our findings can be summarized as follows. 

Theorem 

a) & y e n  /,', > o . . . . .  k,  > o, there is exact ly  one risk exchange 
tha t  satisfies P rope r ty  B. b) A risk exchange is Pare to-opt imal  if 
and only if it is of this form. 

Special  cases 

I) If ct . . . . .  cn = coo, this result reduces to the classical 
Theorem of Borch, see [2J, F3], oi" [41. 

2) Consider the case, where Ul(X) = x, Cl = oo, u2(x) = u(x) 
(strictly concave from below), and c2 = P > o. We find tha t  the 
Pare to-opt imal  risk exchanges are of the form 

X~ + P  if X2 > 0~ 
Y~ = (43) 

X1 + P - - ( c ~ - - X 2 )  ifX-. < c~ 

X o -  P if X2 > 

0 { - - P  if X2 < 0~ 



RISK EXCHANGES 33 

where  the p a r a m e t e r  ~, sa t i s fy ing  the  e q u a t i o n  kt = k2u' ( e -  P) ,  
p Iays  the  role of a deduct ib le .  This  resul t  (@timality of a st@loss 
contract) is due  to Arrow,  see [i]. 

3) Consider  the  case, where  ,u.~(x) = x, cl = o, q.~2(x) = ~t(x) 
(s t r ic t ly  concave  f rom below), a nd  c2 = oo. T h u s  Y~ = Xz  4- D, 
Y2 = Xo - -  D, where  D > o is a dividend p a y a b l e  f rom c o m p a n y  2 
to c o m p a n y  I. \,Ve f ind t h a t  P a r e t o - o p t i m a l  d iv idends  are  of the  
form 

b = (45) 
o if Xe  < ¢~ 

This  resul t  has  been f o u n d  in [7] in connec t ion  wi th  d i v i d e n d  
fo rmulas  in g r o u p  insurance.  
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