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Classical Multiple Linear Regression

% Y. =ag + a. Xo B asXe, .ka X+ e

/

% Y. are the response variables
# Xj are predictors

% [isubscript denotes it" observation

% ['subscript identifies j* predictor;




One Predictor: Y:=a
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Classical Multiple Linear Regression:
Solving fora;

Minimize G(a,,a,,..,) =

Z(Yi —dg — a1Xi1 -K - amXim)2
i=1




Classical Multiple Linear Regression

2 =BG =8 ag Fa Xy H L an X

% Y: IS Normally distributed/ random
variable with constant variance o~

% Want to estimate ;= E[Y;] for'each s




Response Yi has Normal Distribution




Problems with Tiraditional Model

s Number of claims is discrete

% Claim sizes are skewed to the right

% Probability of an event is in [0;1]

> Variance IS not constant across data
points /

> Nonlinear relationship between X’s and
Y’s




Generalized Linear Models - GLMs

Fewer restrictions

Y.can model' number: of claims, probability
ofirenewing, loss severity; 16ss ratio, etc.

LLar, eland small policies can be put into one
mode

Y:.can be nonlinear function of X’s

Classicalllinear regression model'is a
special case




Generalized Linear Models - GLMs

< Same goal

Predict: u. = E[Y]




Generalized Linear Models - GLMs

2 g(pp)=iag + anXy + o an X

“» g(') is the link function

2 EIYI= m= g'(ay + a Xy * ...+ a, X))

= Yocan be Normal, Poisson, Gamma
Binomial, Compound/Poisson, .

= Variance can be modeled




GIEMs ExtendiClassicallCinear' Regression

% Iflink functioniis identity: g(u) = u;

“ And Y: has Normal distribution

— GLM gives same answer; as
Classical Linear Regressionr

= [Least sguares and/MLE equivalent forr Normal dist.




Exponential Family of Distributions —
Canonical Form

f(y;0,¢)=exp 10y -b0O), C(y,¢)_

- alg)

b' ()
b*"(0)a(g)

@ Is the parameter of interest !
¢ Is often called a nuisance parameter.




Some Math Rules: Refresher

(1) exp(x)=¢e’
(2) x=exp[In x]=In[exp X]

(3) In(xy)=Inx+Iny

(4) In(x")=rlInx

(5) In(1/x)=In(x")=—In X
(6) In(x/y)=Inx-Iny




Normal Distribution in' Exponentiall Eamily




Normal Distribution in' Exponentiall Eamily
A b(6)

f(y;p,0%) =exp

Let &= and a(g) =0,
then b(@)=62/2 — b'(B)=60=u
and Var[Y]=b"(®)a(¢)=1-0°=0"




Poisson Distribution infExponentiall Eamily

PrlY = y]=exps




Poisson Distribution infExponentiall Eamily

O=Inu— u=e’
b(#)=u =€’ and

d

E[Y]=b'(0)= e

Var[Y ]=Db""(0)a(g) = dd92 e




Compound Poisson Distribution

“*Y=C,+C,+...+Cy

NI TS Poeisson randem variable
€, are it.d. with Gamma distriibution

TS Is an example ofia Tweedie distribution

YAsimember off Expenential Eamily




Members, ofi the Exponential Eamily

Normal

Poisson

Binomial

Gamma

Inverse Gaussian
Compound Poisson




Variance Structure

2w EIYI=: = b)) — 0,= b))

e

 Var[Y;] = a(P) b=(0)=a(P;) V()

% Common form: Var| Y] = PN(u)w;

v. @iis constant across data but:weights applied/to
data points




Variance Functions V(u)
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Tweedie
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Inverse Gaussian Ts
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Recall: Var[Y] = ® V(u,)lw;




Variance at Point and Eit

Data Normal Poisson Gamma
»

A Practioner’s Guide to Generalized Linear Models: A CAS Study Note
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Variance of Yoand Eit at DatarPoint /

< Var(Ys) is big/— looser fit at data point /

< Var(Ys) isismall— tighter fit at data
point /

1
Var(Y)

Tightness of fit oc




Why Exponential Family?

“» Distributions In Exponential Eamily,
can model a'variety of'problems

% Standardi algorithm for finding

coefficientsiay, @y, ---, a,,,




Modeling Number ofi Claims

Number of
Territory Claims in 5 Years
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Assume a Multiplicative Model

% .= expected number of claims in
five years

% [ = Be oy X Cs oy X Cr

err(i)

s I 1'is Female and! T'err 01
— U= BF,O1 x 1.00 x 1.00




Multiplicative Model

v ;= expl(a, + asXs iy + arXynm)

% .= exp(ap) x exp(aSXS(,)) X exp( aTXT(i))

% Ilis Female — X5, = 05 Male — X3, =1

s leni 04 = X3, =05 Terr 02 —= X7 » =i




Values ofi Predictor Variables
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Natural Log Link Function

zIn(p;) = dag + asXg & arXy,

s (0, %)

wAn(pp)iis ini ("= eor, eor)




Poisson Distribution infExponentiall Eamily




Natural Log isiCanonical Linkfor, Poisson

% 0= In(y)

w Up= ag + asXg & arXy,




Estimating Coefficients a,, a,, .., a

m

% Classical linear regression uses least
sguares

% GLLMs use Maximum Likelihood
Method

% Solution will' exist for distributions In
exponential family




Likelihoodiand Log Likelihood

L(¥si 00) =TT £330

k( Yirees 61’--) — In[ I—(y1’--; 91’--)]

MYy 0,0) = S0 £(y,:0,)

1=1




Find a,, as, and ar for Poisson

Maximize:

}\'(y 11'-;911---) — 26’1 Y, —6'9‘ —In yll
1=1

with Hu :a0+aSXS(i) +ay XT(i)




Iterative Numerical Procedure to Eind a;'s

*» Use statisticall package or actuarial
software

% Specify link function and/distribution
type

% “lterative weighted least squares IS
the numerical method used




Solution to Our Example

> aO — -_288 —> exp('.288) = -75

% as =.262] — exp(.262)=1.3

o ar = 095 — exp(-095)=1.1

% [ = exp(ap) X exp(asXs ) xexp( arXs )

% =75 x 1.3%50 x 1.1%70

% flisMale,Terr 01— (= .75 x 1.31 x 1.1°




Testing New Drug Treatment
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Multiple' Linear Regression

Dependent Variable: Y

Predicted
Actual Probability
0.5179
0.3298
-0.2345
0.5366
0.2183
0.8115
0.9460
0.7000
0.3817
1.2107
1.0081
0.5740

1
0
0
0
0
1
1
1
0
1
1
1




Logistic Regression Model

p. = probability of cure, p. in [0;1]
oddsiratior  p/(d=p) in [0, + =]
IN[p/(AEP)I[ini /=, = =i

In[p/(d-p)li=a + byX3+bX;

Link function



Logistic Regression Model

Dependent Variable Y

Predicted
Value Probability
0.568
0.000
0.000
0.648
0.000
1.000
1.000
1.000
0.000
1.000
1.000
0.784

1
0
0
0
0
1
1
1
0
1
1
1




Which Exponential Eamily Distribution?.

“» Erequency: Poisson, {Negative Binomial}

% Severity: Gamma

*» Loss ratio; Compound Poisson
% Pure Premium: Compound Poisson

> How many policies will'renew: Binomial

41




What link function?

“ Additive model: identity.

“* Multiplicative model: naturalllog

% Modeling probability of ' event: logistic







